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The origin of asset returns modeling :
– 1950s. Markowitz’s Modern Portfolio Theory.
– 1960s. Capital Asset Pricing Model (CAPM).
– 1970s. Arbitrage Pricing Theory (APT).

Equity factor models :
. = B- + /

– Market (e.g. S&P 500, MSCI World indexes).
– Fundamental (e.g. value, growth, return on equity).
– Macroeconomic (e.g. interest rates, unemployment rate).
– Statistical (e.g. PCA)
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Adam Smith’s Invisible Hand?

We define a factor as a source of common exposure or a characteristic
shared by a group of securities that helps explain their risk and return
behavior, both individually and collectively. ... we liken factors to many
“invisible hands” at work in markets and portfolios.

- Erianna Khusainova,
Lazzard Asset Management,

The Invisible Hand of Factors (2018).
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An example using statistical factors (PCA) :
– Gather ? × = data matrix Y (? assets, = observations).
– Compute a ? × ? sample covariance S = YY>.
– Extract 1st factor by maximizing the explained variance

,
2 = max

|1 |=1
1>S1

⇒ The factor (,2, 1) is empirically “market-like”... it has a large variance ,2 and
mostly positive exposures (i.e. most 18 ≥ 0).
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Top 5 principal components and (out-of-sample) explained variance in the returns of
the S&P 500 component stocks.
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Motivation
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Equity factor model (? assets, : factors, = observations) :

Y = BX + Z

– B is a ? × : factor exposure matrix.
– X is a : × = factor returns matrix.
– Z is a ? × = diversifiable returns matrix.
⇒ Universal assumption is Cov(-, /) = 0.
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Equity factor model (? assets, : factors, = observations) :

Y = BX + Z

– Fundamental (prescribes B and estimates X)
– Macroeconomic (prescribes X and estimates B)
– PCA estimates BX
⇒ Factors are often regarded as “exogenous”, i.e., represent a common exposure or
characteristic shared by (groups of) assets.
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A “good” asset return model will
– explain the risk (variance), and
– explain behavior of return (individually and collectively).

Are factors (invisible hands) the only way to achieve this ?
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Our starting point : The spatial-interaction model of Kou et. al (2011)

. = dW. + B- + /

– W is a ? × ? matrix, exogenously given, using quantities related to the location
(geographic distance) of assets.

– Describes the asset returns by factors plus distances of assets.
– Not applicable to US equities !
⇒ Ultimately, still a factor model.
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Our starting point : The spatial-interaction model of Kou et. al (2011)

. = dW. + B- + /

It is effective to model Eurozone stock indices.

Source : Asset Pricing with Spatial Interaction. Kou et al. (2011)
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Can we take this to its ultimate conclusion?

No (exogenous) factors. But, decompose asset returns as

endogenously explained return + residual.

. = A. + /

where A is a sparse ? × ? interaction matrix.
⇒ Draws on literature on Graphical Modeling.
⇒We call it the Graphical Representation Model (GRM).
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Explained (out-of-sample) variance of S&P 500 constituents.

PCA(low-dimensional B) vs. GRM (sparse A).
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Theory
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Let . = (.1, .2, · · · , .?)> ∈ R? denotes the returns to ? assets. WLOG, assume
E(. ) = 0. For any ? × ? matrix� we may define the residual / = / (�) as

/ = . −�.

The 8-th row of� contains coefficients (08 9 ) such that

/8 = .8 −
∑
9≠8

08 9. 9 for 8 = 1, 2, · · · , ?

Minimizing the residual is equivalent to solving ? linear regression problems of the
form

min
08 9
E
(
|.8 −

∑
9≠8

08 9. 9 |2
)
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Theorem
Suppose . ∈ R? has zero mean and positive definite covariance matrix � = Var(. )
such that 
 = �−1 exists. Then, there exists a unique minimizer A :

A = arg min
�:�88=0

E( |. −�. |2) (1)

and the minimizer A = I − D
 where D = diag(
)−1. That is, if 
 = ((l8 9 )), then

08 9 =

{
− l8 9

l88
, for 8 ≠ 9

0 , for 8 = 9
(2)
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Decomposes the return as . = A. + / where
– The term A. is interpreted as the endogenous return.
– Matrix A encodes the interactions (i.e., between stock issuers).
– Cov(.8 , / 9 ) = 0 for all 8 ≠ 9 (⇒ Cov(A., /) = 0).
– Cov(/8 , / 9 ) ≠ 0 in general.

A variance decomposition
� = A�A> + (I + A)D

ℰ. (A) = Var(�. ) = A�A> is the endogenously explained variance.
(I + A)D is the remaining variance.
Var(/) = D
D, the residual variance (≠ (I + A)D).

 = �−1 is known as the precision matrix.
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The decomposition of variance :

Proposition
If the precision matrix 
 = ((l8 9 )) of the random vector . ∈ R? is positive definite
(i.e., l88 > 0), and A is defined in (2), then the variance of .8 , denoted as f88 , can be
decomposed as

f88 = Var(A. )88 +
1
l88

(3)

whereℰ. (A) = Var(A. ) is the endogenous variance matrix, Var(A. )88 is the
endogenous variance of .8 and 1/l88 is the variance of the residual. In addition, the
covariance between .8 and . 9 (8 ≠ 9), denoted as f8 9 , can be decomposed as

f8 9 = Var(A. )8 9 +
−l8 9
l88l 9 9

(4)
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An example on ? = 2 assets with correlation d ∈ [−1, +1].

� =

(
f2

1 df1f2

df1f2 f2
2

)
A =

(
0 df1/f2

df2/f1 0

)
The endogenous varianceℰ. (A) = Var(A. ) = d2�.
– When |d | = 0, the endogenous variance is zero.
– When |d | = 1, all variance may be explained endogenously.

The variance of the residual / is given by

Var(/) = (1 − d2)
(

f2
1 −df1f2

−df1f2 f2
2

)

– When |d | = 0, all variance is explained by the residuals.
– When |d | = 1, the residual is zero.
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The Graphical Representation Model (or GRM) for the asset returns .

. = A. + � (5)

where A = I − D
,D = diag(
)−1 and A is a sparse matrix.

The matrix A is assumed to be sparse :
We posit that much of the variance we see in equity markets may be explained
endogenously by sparsely interacting issuers.
Partial correlations of asset returns may be sparse.
Stabilize the estimation of model parameters.

⇒ The precision matrix 
 = �−1 is sparse.
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Equity factor model :
. = B- + / (6)

where B ∈ R?×: and - ∈ R: . Assume that E(-/>) = 0, then the covariance matrix
and the precision matrix of . given by the factor model are

� = BVB> + � and 
 = �−1 = �−1 + L (7)

where rank(L) = : and is a dense matrix. This is different from GRM model where 

can be sparse.
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Model structures

Factor model
. = B- + /

GRM model
. = A. + /
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Quantity Graphical Model Factor Model

. A. + / B- + /

� A�A> + (I + A)D BVB> + �

Decomposition Cov(., /) = 0 Cov(-, /) = 0

Regularization sparse A low-rank B
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The Graphical Representation Model performs the minimization

minE( |. −�. |2)

over� ∈ R?×? sparse with zero on the diagonal.

PCA-factor model performs the minimization

minE( |. −ℬℬ>. |2)

overℬ ∈ R?×: low-rank : << ? with orthonormal columns.

Zhipu Zhou (UCSB) (UCSB) Endogenous Representation of Asset Returns October 27, 2020 25 / 43



The Graphical Representation Model performs the minimization

minE( |. −�. |2)

over� ∈ R?×? sparse with zero on the diagonal.

PCA-factor model performs the minimization

minE( |. −ℬℬ>. |2)

overℬ ∈ R?×: low-rank : << ? with orthonormal columns.

Zhipu Zhou (UCSB) (UCSB) Endogenous Representation of Asset Returns October 27, 2020 25 / 43



Estimation
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The Graphical Representation Model performs the minimization

min
�

E( |. −�. |2)

over� ∈ R?×? sparse with zero on the diagonal.
– the sparse estimation is actualized via ;1-penalty.
– the procedure estimates a sparse precision matrix 
.
– the estimation of A is computed from 
 estimate.
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To estimate a sparse matrix A is equivalent to estimate a sparse matrix 
. Several
graphical models have been proposed to estimate a sparse 
 :

Glasso : 
̂ = arg min
��0

{− log det(�) + tr(S�) + _‖�‖1}

Concord : 
̂ = arg min
�∈R?×?

{− log det(�2
�) + tr(S�2) + _‖�� ‖1}

(8)

where �� is the diagonal matrix of �, �� = � −�� , S is the sample covariance
matrix of asset returns. The estimated A is

Â = I − D̂
̂ where D̂ = diag(
̂)−1. (9)
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Empirics
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Testable hypothesis #1

An estimated GRM can explain the (out-of-sample) variance in U.S.
equity returns at least as much as a factor model.
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Test description :
– Data source : Historical returns of S&P 500 component stocks.
– Time horizon

Start Date End Date
During financial crisis period

In-Sample 2008/01/01 2008/03/31
Out-of-Sample 2008/04/01 2008/07/01

During economic expansion period
In-Sample 2018/01/01 2018/03/31

Out-of-Sample 2018/04/01 2018/07/01

– Choose 3 factors for factor models, tune Â by cross validation.
– Performance measurement : Root Mean Squared Error (RMSE)

RMSE =

√√
1
?=

=∑
8=1
‖.̂ (8) − . (8) ‖22
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GRM explains the out-of-sample variance of equity returns at least as much as a factor
model.

Model Financial Crisis Expansion
. = B- + / (Fama-French) 1.98 1.42
. = B- + / (PCA Factors) 1.85 1.38
. = A. + / (Glasso) 1.73 1.26
. = A. + / (Concord) 1.75 1.27
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Testable hypothesis #2

An estimated GRM will exhibit a large degree of sparsity (interpretabi-
lity) in the interaction among US equity issuers.
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Test description :
– Data source : Historical returns of S&P 500 component stocks.
– Time horizon : 2018/01/01 - 2018/03/31.
– Choose Glasso in the model estimation.
– Visualization for Â.
– Community detection for equities based on sparsity of Â.
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Visualization of sparsity pattern of Â
– About 95% zero elements.
– Blue/Red : positive/negative partial correlations.
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Visualization of sparsity graph of Â
– About 95% zero elements.
– Blue/Red : positive/negative partial correlations.

S&P 500 Graph (Glasso)
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Community detection
– Detect 11 communities solely based on sparsity pattern of Â.
– In each community, label equities by code. Check overlapping with industry

sectors.

Community 10

BAC

BBT

BK

C

CFG

CMA

CME

COF

ETFC

FITB

HBAN

ICE

JPM

KEY

LNC
MS

MTB

NTRS

PBCT

PNC

PRU

RF

RJF

SCHW

SIVB

STI

STT

USB

ZION

Financials

Community 11

CAG

CHD

CL

CLX

CPB

GIS

HRL

K

KMB

MKC

PG

PM
SJM

Consumer Staples
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Community detection
– Detect 11 communities solely based on sparsity pattern of Â.
– In each community, label equities by code. Check overlapping with industry

sectors.

Community 6

AEE

AEP

ATO

CMS

CNP

D DTE

DUK

ED

EIX

ES

ETR

EVRG

EXC

FE

LNT

NEE

NI

PEG

PNW

PPL

SO

SRE
WEC

XEL

Utilities

Community 7

AIV

ARE

AVB

AWK
BXP

DLR

DRE

EQRESS

EXR

FRT
HCP

HSY

IRM

KIM

MAA O

PLD

PSA

REG

REGN

SLG

SPG

UDR

VNO

VTR

WELL

Real Estate
Utilities
Consumer Staples
Health Care
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Community detection
– Detect 11 communities solely based on sparsity pattern of Â.
– In each community, label equities by code. Check overlapping with industry

sectors.

Community 3

AAP

AES

AZO

BBY

CAH

CBS

CE

CMCSA

COTY

DG

DIS

DISCA
DISCK

DLTR

FL

GPC

GPS

HCA

HOG

IPG

JWN KR

KSS

KSU

LB

M

MCK

MYL

NCLH

NUE

OMC

ORLY

ROST

TGT

TIF
TJX

TWTR

UHS

VIAB

WBA

Consumer Discretionary
Utilities
Health Care
Communication Services
Materials
Consumer Staples
Industrials

Community 4

AAPL

ADBE
ADI

ADSK

ALGN

AMAT

AMD

AMZN

ANET

ANSS

ATVI AVGO

AVY

BAX

BKNG

CDNS

CERN

CRM

CSCO

CTXS
EA

EBAY

FB

FFIV

FTNT

GOOG
GOOGL

IBM

IDXX

IPGP

ISRG

KLAC

LIN

LRCX

MSCI

MSFT

MU

NVDA ORCL QCOM

QRVO

SBUX

SNPS

SPGI

SWKS

SYMC

TTWO

TXN

VRTX

WDC
WU

XLNX

Information Technology
Health Care
Consumer Discretionary
Communication Services
Materials
Financials
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Testable hypothesis #3

The (out-of-sample) variance explained by estimated GRM will not
increase with addition of factors.
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Test description :
– Idea : test if the following model will deliver better out-of-sample performance

. = dA. + B- + /

– - are Fama-French factors.
– A is defined as in GRM, d is a scalar to be estimated together with B.
– Data source : Historical returns of S&P 500 component stocks.
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GRM is sufficient to explain the out-of-sample variance of equity returns, adding
additional factors does not increase explained variance for equity returns.

Model Financial Crisis Expansion
. = dA. + B- + / (Glasso, Fama-French) 1.74 1.27
. = dA. +B- + / (Concord, Fama-French) 1.76 1.27

. = A. + / (Glasso) 1.73 1.26
. = A. + / (Concord) 1.75 1.27

Zhipu Zhou (UCSB) (UCSB) Endogenous Representation of Asset Returns October 27, 2020 42 / 43



For more details, please refer to our manuscript on arXiv :
https://arxiv.org/abs/2010.13245.

The End
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