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What is Robo-Advising?

Robo-advising is algorithmic-driven financial planning

1 Tailored to clients’ risk preferences and characteristics

2 Easy to implement – Automatic execution

3 Democratize financial professional advice
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Robo-Advising Firms

First robo-advisors launched in the wake of the 2008 financial crisis

(Betterment, Wealthfront, Personal Capital, . . . )

Current offerings include:

Affordable portfolio management (fees, account size, etc.)

Full automation (portfolio construction and rebalancing)

Tax-loss harvesting

Becoming both day-to-day and long-term money managers
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Robo-Advisor Strategies

Robo-advisors differ in terms of investment strategies

Wealthfront uses a long-term investing platform grounded on

mean-variance portfolio maximization

Betterment adopts a portfolio management approach that focuses

directly on investors’ financial goals
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Robo-Advisors

Manage around $1.5 trillion in the United States (2021)

Robo-Advising 5



Pros of Robo-Advising

Low entry-barriers (financial inclusion)

Low fees (< 0.2% vs. > 1%)

Low or zero investment minimum (≈ 0 vs. > $100, 000)

Unbiased financial advice

Any two customers treated the same by the algorithm

Highly sophisticated algorithmically in executing a given task

Portfolio rebalancing, tax-loss harvesting, etc.

Transparent financial advice

Decisions can be explained to investors and regulators
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Cons of Robo-Advising

Lack of “human touch” / algorithm aversion

Human advisors provide peace of mind (Rossi and Utkus (2019))

Limited customization

Not yet been tested (both operationally-wise and performance-wise)

in diverse economic circumstances
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Robo-Advising in the Asset Management Space (US)

We define investment & wealth management tech to include fintech companies that offer an
alternative to traditional wealth management firms and technology-enabled tools that are
advancing the investment and wealth management profession. This includes full-service
brokerage alternatives, automated and semi-automated robo-advisors, self-service investment
platforms, asset class specific marketplaces, and tools for both individual investors and
advisors to keep up with the changing dynamics in wealth management.

This category excludes both personal and corporate expense management and monitoring
tools, tools specific to investment banks, and high-frequency trading platforms.

Click on the image below to enlarge. This market map is not meant to be exhaustive of companies in
the space.  Categories are not mutually exclusive. We categorized companies based on their primary
use case.

(https://cbi-blog.s3.amazonaws.com/blog/wp-content/uploads/2017/03/Wealth-Tech-2017-
VF6.png)The category breakdown is as follows:

Robo-advisor: This category includes automated investment platforms that leverage
technology to lower account minimums and reduce annual advisory fees. The
investments offered are tailored to the client’s risk profile typically based on a
questionnaire. Robo-advisors differentiate themselves through a range of added services
that can include a 24-hour automated support desk, access to a human advisor, tax
optimization, and portfolio re-balancing.

B2C: B2C robo-advisors target individual investors. One of the most well-funded
robo-advisors is Wealthfront (http://cbinsights.com/company/wealthfront).

$2.8B to wealth tech startups$2.8B to wealth tech startups
Get the full list of wealth tech statups and select investors featured on our market map. As an

added bonus, we'll send you the disclosed funding values for each company.

Enter your email address here...

Yes, send me the excel file

Where's this data from?
Check us out for free
Business E-mail

jdoe@company.com

Choose a password

********

I accept CB Insights Terms of Service
(https://www.cbinsights.com/terms-
of-service) and Privacy Policy
(https://www.cbinsights.com/privacy-
policy)

Create free account
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Modeling Robo-Advising: Human-Machine

Interaction System
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Model of Robo-Advising

Investment process accounts for dynamic risk preferences and

repeated interaction between client and robo-advisor

Proposed framework captures features of the most prominent

robo-advising firms

High portfolio personalization

Low and indirect client involvement
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Human-Machine Interaction

Client communicates life events, investment goals, etc.

Robo-advisor processes input from the client and translates into the

“client’s utility function”

Robo-advisor solves an optimal portfolio allocation problem on

behalf of the client, and makes an investment recommendation

Depending on the robo-advisor, the client may have the option of

overriding the robo-advisor’s portfolio recommendations
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Robo-Advisor Under Mean-Variance Criterion

Based on joint work with Thaleia Zariphopoulou and Sveinn Olafsson

Communication between client and robo-advisor modeled as a

human-machine interaction system

Robo-Advisor solves a discrete-time adaptive mean-variance

optimization problem for the client

Robo-advisor updates the risk-reward trade-off coefficient based on

information communicated from client
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Beyond Classical Frameworks

Stochastic and dynamic client’s preferences introduce technical

challenges

Uncertainty over the realization of a client’s utility function

Adaptive Control

System being controlled maintains the same dynamics, but optimality

criterion changes in response to data generated by the system

Client’s utility adapts to incoming information

Contrasts with classic adaptive control, where optimality criterion

stays the same, but system dynamics adapts to incoming changes in

the environment (Astrom and Wittenmark (1989))
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Human-Machine Interaction

Client:

Dynamic risk aversion process of client’s intrinsic risk aversion:

(γCn )n≥0

Provides information to the robo-advisor at interaction times

Robo-Advisor:

Constructs a model of the client’s risk aversion: (γRn )n≥0

Differs from (γCn )n≥0 due to imperfect human-machine interaction

Changes to client’s demographics only observed at interaction times

Information γ communicated by client may be affected by behavioral

biases

Designs an optimal investment strategy
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The Interaction System
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Market Dynamics

Risky asset (Sn)n≥0 and a risk-free asset (Bn)n≥0,

Sn+1 = (1 + Zn+1(Yn))Sn

Bn+1 = (1 + r(Yn))Bn

Price dynamics modulated by a Markov regime switching model of

economic conditions (Yn)n≥0 (Hamilton [1989])

Given Yn = y , the risk-free rate is r(y) ≥ 0, and the risky asset’s

return has mean µ(y) > r(y), and variance σ2(y) > 0

Probability space (Ω,F ,P) also supports a sequence (εn)n≥1 of

random variables, independent of (Yn)n≥0 and (Zn)n≥1

Filtration (Fn)n≥0 defined by Fn = σ(Y(n),Z(n), ε(n))
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Human-Machine Interaction

The interaction schedule (Tk)k≥0 is an increasing sequence of

stopping times with respect to the filtration (Fn)n≥0

Interaction can be triggered by any combination of client-specific

events, economic state changes, and market events

Define (τn)n≥0 where τn := sup{Tk : Tk ≤ n} is the most recent

interaction time occurring prior to or at time n

Deterministic schedule: The sequence (Tk)k≥0 is given by

Tk = kφ, k ≥ 0

where φ ≥ 1 is the time between consecutive interactions
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Robo-Advisor’s Model of Client

At each interaction time Tk , the client communicates her risk

aversion coefficient γTk
to the robo-advisor

Robo-advisor’s filtration (FR
n )n≥0 is generated by

Dn := (Y(n),Z(n), τ(n), γ(n))

which consists of market information (Y(n),Z(n)) and information

from client-interaction (τ(n), γ(n))

Robo-advisor’s model of the client’s risk aversion (γRn )n≥0 is a

process adapted to the robo-advisor filtration:

γRn := γRn (Dn)

The filtration (FR
n )n≥0 grows with the frequency of interaction
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Adaptive Mean-Variance Criterion

For a fixed horizon T ≥ 1, the robo-advisor maximizes a dynamic

mean-variance objective

Jn(x , d , π) := En,x,d

[Xπ
T − Xn

Xn

]
− γRn

2
Varn,x,d

[Xπ
T − Xn

Xn

]
where π is a self-financing strategy

Initial condition fixes the robo-advisor’s information set:

Pn,x,d(·) := P(·|Xn = x ,Dn = d)

Sequence of objective functions (Jn)0≤n<T

Robo-advisor’s model of client’s risk preferences γR
n > 0 adapts to

market, economic, and client-communicated information
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Optimal Investment

Theorem

The optimal proportion of wealth invested in the risky asset at time n is

π∗
n =

1

γRn

En,d [Z̃n+1r
π∗

n+1]

Varn,d [Z̃n+1rπ
∗

n+1]
− Rn+1

Covn,d(rπ
∗

n+1, Z̃n+1r
π∗

n+1)

Varn,d [Z̃n+1rπ
∗

n+1]

where Z̃n+1 is the excess market return at n + 1, and

rπ
∗

n+1 =
Xπ∗

T

Xn+1

is the value of one dollar invested in the optimal portfolio between time

n + 1 and the terminal date T .

The allocation π∗
n depends on both the current risk-return tradeoff γRn

its future dynamics through the conditional expectations.
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Structure of Optimal Strategy

π∗
n =

1

γRn

En,d [Z̃n+1r
π∗

n+1]

Varn,d [Z̃n+1rπ
∗

n+1]
− Rn+1

Covn,d(rπ
∗

n+1, Z̃n+1r
π∗

n+1)

Varn,d [Z̃n+1rπ
∗

n+1]

1
γR
n

En,d [Z̃n+1r
π∗
n+1]

Varn,d [Z̃n+1rπ
∗

n+1]
: Standard single-period Markowitz strategy

Covn,d (r
π∗
n+1,Z̃n+1r

π∗
n+1)

Varn,d [Z̃n+1rπ
∗

n+1]
: intertemporal hedging component

Incorporates the effect of market returns and economic conditions on

the client’s risk aversion

Z̃n+1 ↑ =⇒ γR
n+1 ↓ =⇒ π∗n+1 ↑ =⇒ rπ

∗
n+1 ↑ =⇒ Covn,d(. . . ) > 0

Negative hedging demand for clients whose risk aversion is negatively

correlated to market returns (cf. Basak and Chabakauri [2010])

Robo-Advising 21



Risk Preference Model

Client’s risk aversion (γCn )n≥0 changes because of:

Passage of time

1st generation robo-advisors ≈ TDFs

Shocks to demographics (εn)n≥1

Barsky et al. [1997], Guiso and Paiella [2008], ...

Market returns and economic conditions

Both risk aversion and market Sharpe ratio (λ) are countercyclical

Higher at business cycle troughs than at peaks

Lettau and Ludvigson [2010], Campbell and Cochrane [1999]:

Y ↓ =⇒ γC ↑ =⇒ λ ↑ =⇒ S ↓

Client reduces market exposure when the market Sharpe ratio is high
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Risk Preference Model

At an interaction time n, the risk aversion value communicated by

the client is

γn = γCn γ
Z
n

where γCn is the client’s risk aversion and, for β ≥ 0,

γZn = e−β
(

1
φ

∑n−1
k=n−φ(Zk+1−µk+1)

)
captures client’s behavioral biases (e.g., trend-chasing)

The bias γZn is based on recent stock market performance:

Market outperforming the client’s expectations: γZ
n < 1

Market underperforming the client’s expectations: γZ
n > 1
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Risk Preference Model

The robo-advisor’s inference of client’s risk aversion is

γRn = E[γCn |FR
n ]γZτn

where γCn is the client’s risk aversion and γZτn is the bias realized at

the previous time of interaction

Updated in real time based on the passage of time, realized market

returns, and changes in economic conditions
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Portfolio Personalization

Relative difference between the robo-advisor’s model and the client’s

risk aversion process:

R(φ, β) := E

[
1

T

T−1∑
n=0

∣∣∣γRn − γCn
γCn

∣∣∣]

φ ≥ 1: time between consecutive interaction times

β ≥ 0: strength of client’s behavioral bias

Robo-advisor faces a tradeoff between information acquisition rate

and accuracy of acquired information

Proposition

1 There exists a unique value of φ that minimizes R(φ, β)

2 Optimal value of φ is increasing in β
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Optimal Interaction Frequency

Magnitude of behavioral bias increases with the interaction frequency
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Modeling Robo-Advising: Goal-Based Investment
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Goal-Based Investing

Quoting Robert Merton:

“Goal-based investing will be very important in the next decade. For example, if you

have a goal of funding retirement or a benefit plan, you set the goal and manage it

through a process called LDI (liability-driven investing). If you follow a liability-driven

goal, then regardless of whether your Sharpe ratio exceeds those of your

competitors, you can outperform competitors who lose their focus on the goal.

We will be driven to the idea of greater service by knowing the client better,

understanding what the client really needs, getting the client to identify what the

actual goal is, and then designing dynamic strategies that achieve that goal.”

Q Group Panel Discussion: Looking to the Future. Moderator: Martin Leibowitz.

Panelists: Andrew Lo, Robert Merton, Stephen Ross, and Jeremy Siege
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Beyond Portfolio Volatility

Most academic research associates risk with the volatility of an

investor’s portfolio

However, most investors associate risk with the probability of not

attaining their goals

Important distinction between goal risk and volatility:

Decreasing standard deviation in an underfunded investor’s portfolio

increases likelihood of not attaining goals
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Goal-Based Wealth Management

Different tiers of investment goals
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Goal-Based Wealth Management

Realize Avoid Success Probability

50%

Dreams Concerns 55%

60%

65%

Wishes Worries 70%

75%

Wants Fears 80%

85%

Needs Nightmares 90%

95%

Four tiers of goals (Brunel [2015])
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Goal-Based Wealth Management

Source: Franklin Templeton
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Handling Multiple Goals

How to prioritize between multiple goals?

Should an investor forgo an immediate goal in order to increase the

chances of attaining future goals?

Relative importance of goals

Partial fulfillment of goals (e.g., buy a cheaper car)

Efficiency gains from optimizing all goals in a single portfolio

Enables offsets between underfunded and overfunded goals
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Asset-Liability Management

Think of goals as the building blocks of a financial plan

Based on asset and liability management, a technique widely used

by institutional investors

Manage assets to meet future liabilities

Within the client account, every goal has a target amount and a

target date at which the client desires to meet the goal
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Stochastic Control Framework

Based on joint work with Yuchong Zhang

Multiple goals for a single account

Fungibility across goals

Tradeoff between immediate goal consumption and savings to meet

future goals
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Client’s Input

Client provides the following input:

Initial wealth x0

Contribution rate I

E.g., fraction of each paycheck deposited to robo-advising account

Goals and desired success rate (Gk ,Tk , αk), k = 1, 2, . . . ,M

Gk is the amount of k-th goal

Tk is the deadline of k-th goal, T1 < T2 · · · < TM

αk is the client’s specified (relative) probability that the k-th goal is

achieved at Tk ,
∑M

k=1 αk = 1
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Fundedness and Wealth Process

Client’s wealth X (t) allocated to N risky assets

Log-asset dynamics driven by an N-dimensional Brownian motion

π(t) = (π0(t), . . . , πN(t)) are the fractions of wealth invested in

each of the N + 1 assets

At time Tk , the amount Gkθk is withdrawn by the client, where

θk ∈ [0, 1] is F(Tk)-measurable:

X (Tk) = X (T−
k )− Gkθk

θk is the funding ratio for the k-th goal

θk = 1: the k-th goal is fully funded

θk < 1: the k-th goal is partially funded with funding ratio θk
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Goal-Based Optimization Problem

Choose asset allocation π and funding ratio strategy θ to maximize

the expected goal fundedness, weighted by their importance:

E
[
〈α, θ〉

]
= E

[ M∑
k=1

αkθk

]
Require (π, θ) such that X (t) ≥ 0

No borrowing constraint: π ≥ 0

Robo-advisors do not go short, and just invest client’s money

Can be extended to incorporate other user-specified constraints:

Maximal fraction of wealth allocated to risky assets (Betterment)
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Value Function and Safety Level

Solve stochastic control problem backward in time

Value function

V (t, x) := sup
π,θ

E
[ ∑
k:Tk>t

αkθk

∣∣∣X (t−) = x
]

Safety level at time t denoted by s(t)

Smallest wealth level X (t−) such that all remaining goals can be

fully funded with probability one

V and s can be obtained recursively

Robo-Advising 39



Dynamic Programming Approach I

Final goal maturity:

V (TM , x) = sup {αMθM : θM ∈ [0, 1], GMθM ≤ x}

All wealth used to fund the goal

θ∗M(x) =
x ∧ GM

GM
, V (TM , x) = αMθ

∗
M(x), s(TM) = GM

At intermediate goal maturities, solve a static optimization problem:

V (Tk , x) = sup
θk

{
αkθk + V

(
T+

k , x − Gkθk
)}

such that θk ∈ [0, 1], and Gkθk ≤ x

The optimal fundedness θ∗k quantifies the decision between fulfilling

an immediate goal versus saving for future liabilities
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Dynamic Programming Approach III

Between intermediate goal maturities, find V (t, x) and s(t) for

Tk−1 < t < Tk :

(i) The safety level satisfies an ODE

s′(t) = I + rs(t)

on (Tk−1,Tk ] with terminal condition s(Tk)

(ii) The allocation π satisfies an HJB equation

Vt + sup
π

{
Vx(I + rx + xπ(µ− r1N)) +

1

2
Vxxx

2‖πΣ‖2
}

= 0

on (Tk−1,Tk ] with terminal condition V (Tk , x) and boundary cond.

(Vt + IVx)(t, 0) = 0 and V (t, s(t)) =
∑

k:Tk≥t

αk

Value function can be characterized as the unique viscosity solution

of the HJB nonlinear equation
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Numerical Setting

Consider two different profiles of clients:

Generation Z (1997 - 2012)

Top investment goals are short term: buy a car, finance a vacation,

pay off debt

Millennials (1981 - 1994/6)

Top financial priorities are saving for retirement and saving for “life

milestones and future goals”
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Specification of Client Parameters

Generation Z: equal priority goals

Buy car: amount = $30,000, Time = 5 months

Finance a vacation: amount = $10,000, Time = 2 years

Pay off debt: amount = $250,000, Time = 5 years

Millennials:

Buy house: priority $73%, amount = $250,000, Time = 5 years

Retirement: priority $75%, amount = $80,000 x 20 = $1,600,000,

Time = 35 years
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Value Function: Generation Z
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Investment Strategy: Generation Z
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Value Function: Millennials
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Investment Strategy: Millennials
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Dialogue with Client

Expected fundedness of remaining goals:

Ft := E
[ ∑
k:Tk>t

αkθ
∗
k

∣∣∣Ft

]
may deviate from the initial target F

(0)
t := E

[∑
k:Tk>t αkθ

∗
k

∣∣F0

]
Ft < F

(0)
t : goals are underfunded relative to initial target

Suggest to client to increase contribution I or lower goal amounts

Ft ≈ F
(0)
t : goal funding is “on track”

Ft > F
(0)
t : goals are overfunded relative to initial target

Suggest to client to increase goal amounts or divert part of the

contribution I to other consumption
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Thank you!
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