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Abstract

This paper proves the existence of equilibria in the Infinite Horizon General Equilibrium with
Incomplete Markets (GEI) model with insecure property rights. Insecure property rights come in the
form of the stochastic taxes imposed on agents’ endowments and assets’ dividends. This paper finds
that under reasonable assumptions, Financial Markets (FM) equilibria with Transversality Condition
(TC) as well as equilibria with Implicit Debt Constraint (IDC) and Explicit Debt Constraint (EDC)
exist in Infinite Horizon FM economies with stochastic taxes and with short-lived securities in zero
net supply. Also, this paper finds that under reasonable assumptions, FM equilibria with TC as well
as equilibria with IDC and EDC exist in Infinite Horizon FM economies with long-lived securities
in zero net supply for a dense subset of the set of all stochastic dividend tax rates. Similarly, this
paper finds that under reasonable assumptions, FM equilibria with TC as well as equilibria with IDC
and EDC exist in Infinite Horizon FM economies with some long-lived securities in positive supply
for a dense subset of the set of all stochastic endowment and dividend tax rates. Finally, we find
that GEI implies that there is no such thing as the "optimal" buying or selling P/E ratio but instead
that it is completely determined by constantly changing investors’ expectations of company’s after-tax
profitability.
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1. INTRODUCTION

Taxes are a part of individuals’ and corporations’ budget constraints. Therefore, taxes clearly affect
equilibrium commodity and asset prices and allocations. Also, changes in various tax rates, especially
income tax rates, are driven by the constantly changing political balance of power, and the direction of
those changes seems to have been anything but predictable. Thus, it seems entirely appropriate to regard
future taxation as stochastic.

But if taxation is stochastic, then it is clearly a risk factor affecting equilibrium asset prices through
stochastic discount factors and after-tax dividends. Since this risk cannot be eliminated or substantially
reduced by diversification, standard Finance Theory suggests that it ought to be an asset-pricing risk
factor, which ought to affect asset prices and allocations.

Surprisingly, however, there has been very little research done to date on the effects of stochastic taxes
on equilibrium asset prices and allocations. The research done so far relies on the CCAPM with identical
agents and twice-differentiable utility functions and focuses primarily on resolving the so-called “Equity
Premium Puzzle.” See Magin (2014), Edelstein and Magin (2017) and (2013), DeLong and Magin (2009),
Sialm (2009) and (2006).

While resolving the Equity Premium Puzzle is critically important for confirming the validity of the
Lucas-Rubenstein CCAPM with identical agents, the role of insecure property rights (stochastic taxation)
in Economic Theory is much broader.

For example, do Financial Markets (FM) equilibria exist in the Finite Horizon General Equilibrium of
Incomplete Markets (GEI) model with stochastic taxation? Do sufficiently small changes in stochastic tax
rates preserve the existence and completeness of FM equilibria? Magin (2015) finds that under reasonable
assumptions, FM equilibria exist for all stochastic tax rates imposed on agents’ endowments and dividends,
except for a closed set of measure zero. Moreover, sufficiently small changes in stochastic taxation preserve
the existence and completeness of FM equilibria.

Does an increase in current and future taxes reduce current prices of tradable assets? Magin (2017-4),
(2017-2) and (2016-3) study comparative statics of FM equilibria in the Finite Horizon GEI model with
respect to changes in stochastic tax rates imposed on agents’ endowments and dividends. He shows that
under reasonable assumptions, without assuming CRRA and identical agents, an increase in the current
dividend tax rate unambiguously reduces current asset prices. The paper also finds that there exists a
bound B such that for a coefficient of relative risk aversion less than B, an increase in a future dividend
tax rate reduces current price of tradable assets. At the same time, for a coefficient of relative risk aversion
greater than B, an increase in a future dividend tax rate boosts current prices of tradable assets. Finally,
for a coefficient of relative risk aversion equal to B, an increase in a future dividend tax rate leaves
current consumption and current price of tradable assets unchanged. As a special case, under additional
assumptions, B is equal to 1. Also, under reasonable assumptions, an increase in the current endowment
tax rate reduces current asset prices, while an increase in a future endowment tax rate boosts current asset
prices.

This paper proves the existence of equilibria in the Infinite Horizon GEI model with insecure property
rights. Insecure property rights come in the form of the stochastic taxes imposed on agents’ endowments
and assets’ dividends. This paper finds that under reasonable assumptions, FM equilibria with Transversal-
ity Condition (TC) as well as equilibria with Implicit Debt Constraint (IDC) and Explicit Debt Constraint
(EDC) exist in Infinite Horizon FM economies with stochastic taxes and with short-lived securities in zero
net supply. Also, this paper finds that under reasonable assumptions, FM equilibria with TC as well as
equilibria with IDC and EDC exist in Infinite Horizon FM economies with long-lived securities in zero net
supply for a dense subset of the set of all stochastic dividend tax rates. Similarly, this paper finds that
under reasonable assumptions, FM equilibria with TC as well as equilibria with IDC and EDC exist in
Infinite Horizon FM economies with some long-lived securities in positive supply for a dense subset of the



set of all stochastic endowment and dividend tax rates. Finally, we find that GEI implies that there is no
such thing as the "optimal" buying or selling P/E ratio but that instead it is completely determined by
constantly changing investors’ expectations of a company’s after-tax profitability.

The paper is organized as follows. Section 2 defines Infinite Horizon FM economies with stochastic
taxation of endowments and dividends. Section 3 proves existence of equilibria in Infinite Horizon FM
economies with short-lived securities in zero net supply and with stochastic taxation of endowments and
dividends. Section 4 proves existence of equilibria in Infinite Horizon FM economies with long-lived se-
curities in zero net supply and with stochastic taxation of endowments and dividends. Section 5 proves
existence of equilibria in Infinite Horizon FM economies with some securities in positive supply and with
stochastic taxation of endowments and dividends. Section 6 demonstrates that GEI implies that there is
no such thing as the "optimal" buying or selling P/E ratio but that instead it is completely determined
by constantly changing investors’ expectations of company’s after-tax profitability. Section 7 concludes.

2. INFINITE HORIZON FM ECONOMIES WITH STOCHASTIC TAXATION OF
DIVIDENDS AND ENDOWMENTS

First, we need to introduce several definitions to incorporate stochastic taxation imposed on agents’
endowments and assets’ dividends and used to finance public good G into the General Equilibrium Theory
of Financial Markets.! Let ET be the event-tree, I be the set of infinitely living investors-consumers, L be
the set of commodities traded on spot markets, K be the set of assets traded on financial markets, such
that

max [|ET|, |L|] = oo, |I] < o0, | K| < 0.

We will start with definitions for commodities markets:
DEFINITION: Let

ETxL
ei(te;) = {ei(&, 1, Tei)}(& Deprr € RIJr xL|

be the individual endowment of agent i € I and therefore

ei(f’ Tei> = {e’i(éa la Tei>}l€L S RL{J|

be the vector of the individual endowment of agent © € I at node §& € ET and

e (re) = {eil(re,) by € R

be the matriz of before-tax individual endowments, where
Teo = {7e(&, l>}(§, NeeTxL € [0, 1]‘ETXL|
be the stochastic tax imposed on the individual endowment of agent © € I and therefore
T (&) = {7e (&, D}y € 0, 1M

be the vector of the stochastic tax imposed on the individual endowment of agent © € I at node & € E'T
and

'For basic notions related to Infinite Horizon FM Economies without stochastic taxation see, for example, Magill and
Quinzii (2008), (1996) and (1994).



To={To i, = {{Tez.(g, D}, Z)GEM}_ <. Tl
1€

be the matriz of taxes imposed on individual endowments.
DEFINITION: Let

ETxL
= {a(§, )} (€ )eETxL € R

be the consumption of agent ¢ € I and therefore
L
ci(§) = {ailé, l)}leL € R|+|
be the vector of consumption of agent ¢ € I at node & € ET.

DEFINITION: Let

b= {p(f l)} (¢, )EETXL € RIFTZI
be the matriz of spot prices, such that p(§, 1) =1 V¢ € ET and therefore
p(&) ={p(&, D}ty € R
be the vector of spot prices at node £ € ET.
We will now turn to financial markets:

DEFINITION: Let

d(rq) ={d(&, 1, K, Td>}(§, I, k)EETxLxK S NS

be the matriz of assets’ dividends and therefore

d(ga Td) = {d (57 l7 k) Td)}(l, k)eLxK € R|L><K‘

be the vector of assets’ dividends at node & € E'T, where

ETXLxK
Ta ={74(& 1, B)} ¢ meprxixx € [0; ]I

be the matriz of taxes imposed on assets’ dividends and therefore

74(§) = {1a(§, I, k)}z KeLxK € [0, 1]‘LXK|

be the vector of taxes imposed on assets’ dividends at node & € E'T.

2 Following Magill and Quinzii (1996), dividends are paid in bundles of all |L| goods. Also, consistent with the Dividend
Clientele Hypothesis (DCH), it is reasonable to assume that assets’ dividends d are decreasing functions d(74) of dividend
tax rates 74. See Kawano (2013), for example, for a review of the DCH. She estimated that a one percentage point decrease
in the dividend tax rate relative to the long-term capital gains tax rate leads to a 0.04 percentage point increase in dividend
yields. Several papers, including Chetty and Saez (2005), Brown, Liang and Weisbenner (2007) have documented an increase
in dividend payments in response to the 2003 tax changes.



DEFINITION: We define the space of after-tax asset dividends as

D = [] RHOxExK©
€EET

DEFINITION: Let {(k) € ET be the node of issue for an asset k € K. Define the set ¢ of all nodes

of issue of existing financial contracts as
¢=A{&(k) [k € K7}
DEFINITION: We define the set of all actively traded financial contracts at node € € ET as
K¢ ={ke K |{eET(k)), 3 € ETT(&(k)) st. d(&, k, 74) > 0}.

DEFINITION: Let ¢ be the set of all nodes of issue of existing financial contracts and d be the
matrix of dividends. Then we call the pair

A(7a) = (¢, (1 = 74)d(74))

the financial structure.
DEFINITION (Short-lived Security): We call a security k € K short lived if

d(ta) ={d (& 1, ky Ta)}e 1 myeprxrxx € RIFT>ExK]
18 S.1.
d(€ 1, k, 7q) =0V € ET\ (k).
DEFINITION (Long-lived Security): We call a security k € K long lived if
d={d(&, I, k, Td)}(g, K)eETxK € RIET<K]
18 8.1.
3 € ET\ (k) with d (&, 1, k, 74) > 0.
DEFINITION: Let
zi = {z(&, k)}(g, K)EETXK © RIFT>K]
be the asset portfolio held by agent © € I and therefore
zi(€) = {2i(&, k)}pex € R

be the asset portfolio held by agent © € I at node & € ET, where the number of shares of asset k € K
held by agent i € I at node & € ET

Zz(ga k) € R
18 S.1.

2i(&, k) =0V, € ET st. ke K\ K(§),Vk e K,

5



ie., z;i(&, k) =0 if an asset k € K is not actively traded at node £ € ET,
2(6) = {2i(&, )}y € RY

be the vector of the number of shares of the |K| assets held by agent i € I at node £ € ET,
Zi = {Zi<€)}§eET € RIFTK

be the asset portfolio held by agent i € I.
DEFINITION: We define the portfolio space as

Z = R|ET><K|.
DEFINITION: Let

q={q(¢, kf)}(g, k)eETxK € RIFT>K

be the matrix of asset prices and therefore

q(§) = {q(§, k)}kEK € RI¥]

be the vector of asset prices at node & € ET.
DEFINITION: Let

q(& k) € R
be the price of asset k € K at node £ € E'T, where
q(&, k) =0V, € ET sit. ke K\ K(§),Vk € K,

i.e., q(&, k) =0 if an asset k € K is not actively traded at node £ € ET,

9(&) = {a(&, k)}pex € RIF

be the vector of prices of the |K| assets at node £ € ET,

q = {Q(f)}geET SN

be the matrix of prices of the |K| assets.
DEFINITION: We define the space of asset prices as

Q= H RE®©)

¢EET

DEFINITION: Banach lattice (X, || - ||) is a normed space s.t. (X, || -||) is a Banach space s.t.
Vo,y € X |o] < [yl = [lz]l < llyll, where [z] = 2V (—z).

We are now ready to define an Infinite Horizon FM Economy with assets in zero net supply and with
stochastic taxation imposed on agents’ endowments and assets’ dividends and used to finance government
spending.



DEFINITION: We denote by
E(ET, (X, X)), (1 —=7¢)e(1e), =, A(Ta))

an Infinite Horizon FM FEconomy with assets in zero net supply and with stochastic taxation

[0’ 1]|ET><L><I| « [07 1]|E‘T><K|

T = (Te, Ta) € ,

where

ET is the event tree,

X is the commodity space,

X and X' are Banach lattices, s.t. T is a consistent topology on X, i.e., (X, T) = X,

X; = X, 1s the individual consumption set Vi € I,

e= {ei}iel is the total endowment s.t. e; € X; ¥i € I is the set of individual endowments,

== {=i};c; is the set of agents’ preferences s.t. agent’s preferences =;on X; = X, are given by the
utility function

Ulei, )= > Pr(&) -5 [ui(ei(€, 1) +wilG(E, D) Viel,

(¢, )EET XL

where the government spending G = {G(&, D)} peprxr € X+ 15 given by

= 1o (& D) el L)+ > Z (k) Tal€ L k) - d(E Lk, Ta) V(€ 1) € ET x {1}

el keK
and Z(k) is the total number of outstanding shares of asset k € K.

Next, V(p, q) € RIFI*El x Q we will define the ET x ET payoff matrix W(q, (1 — 74)-p-d(r4)), which
will significantly simplify writing of agents’ budget constraints and defining the notions of No Arbitrage
Condition and Complete Markets.?

DEFINITION: Let
EL(ET, (X, X)), (1 —=71¢)-e(re), =, A(T4))
be an Infinite Horizon FM Economy with stochastic taxation. Then
Y(p, ) € RFTHIx Q
we define the BT x E'T payoff matrix

W(g, (1 —74)-p-d(rq)) ¥(p, q) € RF*EI % Q as
We er(q, 1 —=7a) - p- d(Td)) g(€7) + (L =74(&7)) -p-d(ET, 7a)),
We, (g, (1= 74) - p-d(ra)) = —4(E),
We (g, (L—=74)-p-d(1q)) =0VE ¢ €7, & #&.

3See Magill and Quinzii (1996) for the original definition of the payoff matrix without stochastic taxation.
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MATRIX W(q, (1—174)-p-d(ra))

| K | Columns for S O | K ’ Columns for f o ‘ K Columns for g

e, 7) 0 0 0

(507 ) O
+ (1= 7a(&f)) -
p(fa_ﬂ'd) ’ d(ﬁé? Td)

0 0

oo OO

€
0 0 (1= 74(6)) —g(e,7)
p(§7 Td) . d(£7 Td)

0 0

q(€7, 1)+
0 0 0 ot [ €F

0 0 0 O

We are now ready to define the notions of No-Arbitrage Condition (NAC) and Complete Markets.
DEFINITION: Let
Eo(ET, (X, X'), (1—7¢) - e(Te), =, A(7a))

be an Infinite Horizon FM Economy with stochastic taxation. Then we say that No-Arbitrage Condition
(NAC) holds and a pair

(p, @) e RETH % @
constitutes a NA system of prices if
In = {1 () }eepr € R sito - W(g, (1= 74) - p-d(74) = 0.
and we say that markets are complete if

A = {7 ()}eepr € REL st m- Wi(g, (1= 74) - p-d(ra)) = 0.



We are now ready to introduce the notion of the Explicit Debt Constraint (EDC'). The Explicit Debt
Constraint imposes an explicit bound on how short the investor is allowed to go.

DEFINITION: Define the Explicit Debt Constraint (EDC) M > 0 for agent i € I as

= "q(€ k) -z (€ k) = —M Ve € BT,

keK

Next we will define the budget set with the Explicit Debt Constraint (EDC) M > 0.

DEFINITION: Define the budget set with the EDC M > 0 for agent i € I as

Bo]\g[(p> q, (1 Tel) (7-67,> “A(Td))
dz € Z st q(€)z(§) > —MVE € ET and }
1—

>
:{CZEX+ pci—p-(1—=7¢)" ez(nl):W(q, (1=74)-p-d(1q)) - 2

We will use it to define the notion of an FM equilibrium with the EDC M > 0 for an Infinite Horizon
FM economy with stochastic taxation.

DEFINITION: An FM equilibrium with EDC M > 0 of the Infinite Horizon economy
Eu(ET, (X, X'), (1 —7e)-e(7e), =, A(74))
15 a combination

(@), Z ) hiers (), 7)) € (X x 201) x (RETH % Q) st
(c(7), zi(7)) € argmax {Ui(¢;) | (i, z) € BM(p(r), q(r), (1 —7¢,)-ei(re,), A(ra))} Vi€ I,

Salr) =3 (1 ra) - eilre).

el i€l

D z(r)=0

el

We are now ready to introduce the notion of the Implicit Debt Constraint (I DC').The Implicit Debt
Constraint imposes an Implicit bound on how much short the investor is allowed to go.

DEFINITION: Define the Implicit Debt Constraint (IDC) for agent i € I as

4z = {q@) 2O = q(E k) -z (€ k)| Ee ET} € Luo( ET).

keK

Similarly, we will introduce the notion of the budget set with the Implicit Debt Constraint (I DC').
DEFINITION: Define the budget set with the IDC' for agent i € I as

Bo’%c(pa q, (1 - Tei) ’ ei(76¢)7 A(Td)) -
dz; € Z s.t. qz; € Lo(ET) and }

- {Ci X pa—p (=) elr) = Wig, (1=70)-p-d(ra)) - =

We will use it to define the notion of an FM equilibrium with the IDC' for an Infinite Horizon FM
economy with stochastic taxation.



DEFINITION: An equilibrium with Implicit Debt Constraint I DC' of the Infinite Horizon FM econ-
omy

Eo(ET, (X, X'), (1 —7¢) e(7e), =, A(7a))
18 a combination

(@), 2 hier» @(r), @(r)) € (XU 211) x (RIFTXH < @ ) s,
(€i(7), Zi(1)) € argmax {Ui(ci) | (ci, z:) € BRC(p, q, (1 —7¢,) - ei(7e,), A(Td))} Viel,

ZEi(T) = Z <1 - Tei) : 61'(7'62.),

el el
> zi(r) =0.

el

As we will see later, under reasonable assumptions, the existence of equilibria with EDC and IDC' in
the Infinite Horizon FM economy are equivalent. Next, we will introduce the notion of the Transversality
Condition (7°C').

DEFINITION (Transversality Condition): Let
Ex(ET, (X, X'), (1 =7c)-e(re), =, Al7a))
be an FM economy and
(p, q) € RETH < Q
be a No-arbitrage system of prices, i.e.,
Ay = {7 () }eepr EREY st w0 Wig, (1= 74) - p-d(ra)) = 0.
Suppose also that
(ci, z) € B(p, q, (1 —7¢,) - €i(e,), AlTa)).
Then we define the Transversality Condition (T'C) for agent i € I as
dm S m@al)a ) =0
Finally, we will introduce the notion of the budget set with T'C'
DEFINITION: Define the budget set with the TC for agent i € I as
B (p, ¢, mi, (1 —71e) - eilre,), AlTa)) =
dz; € Z s.t. Y€ € ET
={ceX, lim 37 m(¢)q(&)z () =0,

o T—00 ¢'€ET 1 (€)
p-ci—p-(1—7¢) eil(te,) =Wlg, (1—74) p-d(7a))- 2z
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DEFINITION: An equilibrium with TC of the Infinite Horizon FM economy with assets in zero net
supply

goo(ETa (X7 X/) ) (1 - TB) € (7_6)’ tv A<Td))
18 a combination

(@), D hers (B, T, (F()}her)) € (X”' Z1) s (RIFTH 5 Q ) x XM st
(@(7), zi(1)) € argmaX{U ¢) | (c, z) € BTC( ( ), @(1), mi(T), (1 —7¢,) - ei(7e,), A(Td))} Viel,
mi (& 1) >0 ‘v’§ € ET and Pi(t) € (Li(ET x L)), Vi€ I,

_{Pl 57 |£€ET}_{7TZ 5;_)]%(57 )|€€ET}7
B ¢ (1) € argmax {U;(¢;) | ¢; € B_OO(P, e)} Viel,
BEOM(PZ(T)’ (1 B Tei) " <T€i)) - {Ci € X+ ’ Pl(T)(Cl - (1 - Tez‘)ei (TEi)) < O} )
i(T) - W(q(r), (1 —7q) -D(7) -d(7a)) =0 Vi € I,

ZEi(T) = Z (1—7e,)-eil(Te,),

el i€l

> zin) =
iel
DEFINITION: We denote by
Eo(ET, (X, X'), (1 —7¢)-e(Te), =)

an Infinite Horizon CM (Arrow-Debreu) Economy with assets in zero net supply and with stochastic
taxation of endowments

[0 1]\E’T><L><I|

where all notations from the above definition of FM economies apply.

DEFINITION: A CM (Arrow-Debreu) equilibrium of the Infinite Horizon CM (Arrow-Debreu) econ-
omy

Eo(ET, (X, X'), (1 —7¢)-e(Te), =)
18 a pair

({Ei<7)}iep ?(7)) S X.':‘ X RETXL‘S.t.
B (1) € argmax {U(¢;) | ¢; € B_oo(?, e)} Viel,
BM(Pi(r), (1—17¢,) - ei(7e)) = {ci € Xy | Pi(7)(ci — (1 = 7¢,)eq (7e,)) < O

Y () =) (1—7.) - elre).

el el

As we will see later, under reasonable assumptions, the existence of equilibria with EDC, IDC' and
TC' in the Infinite Horizon FM economy are equivalent.

11



For the rest of the paper, unless otherwise specified, we impose the following assumptions on
EL(ET, (X, X'), (1 —=71.)-e(re), =, A(T4q))
A1l: ET be s.t.
b(€) =| £ |< o0 VE € ET.
A2:

X = Loo(ET x L) = {x =12 (& Dl neprxe € RFE 2 o= sup [z (& 1)< OO} ;
(€, NEBTXL

X'=L(ET x L) = {1’ ={2(& D} neprxe ERFPH 2= ¥ [a2( 1)< OO} :
(¢, )EETXL
A3: The number of agents
1| < oo.

A4: Individual endowments

(1—7¢) X=X, Viel
be s.t.

Im, m' e R, m' >m >0
and
(1—7.)-ei€[m, oo P vie 1.

Ab5: Total endowment

S (1—7.) - e 0, m/[FTE

el

AG6: Agents’ preferences =; on

are given by the utility function

Ulci G) = 52 Pr(€) -0 [uilei(€, 1) +ui(G(E, 1) Viel

(¢, )EETXL

where w;(+) s continuous, concave and monotone utility function s.t. u;(0) =0 Vi € I, i.e., VG, Us(,
G) is Mackey, i.e., T(X, X')-continuous, concave and monotone utility function.
AT: Financial structure A(7q) is s.t. it is composed solely of short-lived securities and

[K(£)] < oo
AS8: Existence of the risk-free bond

/ 1V (1) e x {1}
VEEET The€K(€) s.t. d(€, 1, ke, Ta) :{ 0V (€ 1) € [BT x I)\ [F x {1}

We are now ready to prove the existence of FM equilibria in Infinite Horizon FM economies with
short-lived securities in zero net supply.

12



3. EXISTENCE OF FM EQUILIBRIUM IN INFINITE HORIZON FM ECONOMIES
WITH SHORT-LIVED SECURITIES IN ZERO NET SUPPLY

THEOREM 1 (Existence of FM Equilibrium with 7C' and Short-lived Securities): Let
SOO(ETv (Xv X/), (1 - Te) "€ (7_6) S A(Td))

be s.t. A1-A8 hold. Then for this economy
a) 3 an FM equilibrium with TC

{@ (™), 2 (N}ier, (), (1), {Tl1)}hie))) € (Xgl x zm) x (RIFTH x Q) x XM,

b) 3 an FM equilibrium with 1DC

(@ () 2 (e B(), a(0) € (X x 21) x (RET<H x Q).

c) 3 an FM equilibrium with EDC M (1) > 0

(@ (1), Z (D) hier» B(7), 7(7) € (X x 21) x (RETE x Q),
s.t.
EDC M (1) >0

18 never binding.
d) 3 a CM equilibrium

(@ (ks (P(r)) € X X,
for the CM economy
Eo(ET, (X, X'), (1 —=17,)-€e(1e), =).
PROOF: a) Let us establish the existence of a T'C' equilibrium for this economy. Fix an arbitrary

7 e [0, 1[FE 1o, 1] FT K g .
gOO(ETa (X7 X/) ) (1 - TE) e (TE)7 t/v A(Td))

satisfies Al-AS8, except that instead of A6 we assume
A6’: Agents’ preferences >, on

are given by the utility function

Uc)= S Pr(&)- b ui(ei(€, 1) Vie I
(¢, )EETXL

where u; is continuous, concave and monotone s.t. u;(0) =0 Vi € I.
Then we can conclude by Theorem 5.1 on p. 868 of Magill and Quinzii (1994) that

13



@ (1), 2 (Dhiers B), a0, (Fil)her)) € (XL x 210) x (RETH x Q) x X!
an FM equilibrium with T'C' for
Eo (BT, (X, X'), (1 —7¢)-e(7e), ¥, A(14)).

Clearly, using separability of agents’ utility functions and the fact that government spending G is an
exogenous variable, we can conclude

/\

)7 ’L
€ argmax {Ui(c;) | (ci, 2) € BTC( (7), g(7), mi(r), (1—=7)-eir) A(T))%_/%

argmax {Ui(c;, G) | (ci, =) € BIC((r), G(r), mo(r), (1—71)-ei(r), A()} Viel
So
(i(r),zi(7)) €
€ argmax {Ui(¢;, G) | (¢, z) € BEC(®(7), 4(7), mi(r), 1—7)-e;, A(7))} Vie L
Therefore,

{@(7), 2D hers B(), a(0), m)her)) € (X 201) x (REDH x Q) x X1
is also an FM equilibrium with 7T'C' for
EL(ET, (X, X)), (1 —=71¢)-e(re), =, A(7q))-

b) Now, we can conclude by Theorem 5.2 on p. 868 of Magill and Quinzii (1994) that

(@), 7 hers B(), 7)) € (XU 211) s (RIFTH x Q)

is also an I DC' equilibrium for this economy.
¢) We can also conclude by Corollary 5.3 on p. 868 of Magill and Quinzii (1994) that

(@ (1) 2 Oher (), 7)) € (X1 21) x (RIETH x )
is an FM equilibrium with EDC M (1) > 0 for this economy, s.t. EDC M (7) > 0 is never binding. W

This result is philosophically parallel to the finding of Magin (2015) that under reasonable assumptions
in a Finite Horizon FM economy with a financial structure composed solely of short-lived securities, FM
equilibria exist for all stochastic tax rates imposed on agents’ endowments and assets’ dividends.

We are now ready to prove the existence of FM equilibria in Infinite Horizon FM economies with
long-lived securities in zero net supply.
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4. EXISTENCE OF FM EQUILIBRIUM IN INFINITE HORIZON FM ECONOMIES
WITH LONG-LIVED SECURITIES IN ZERO NET SUPPLY

THEOREM 2 (Existence of FM Equilibrium with 7C' and Long-lived Securities): Let
goo(ET7 (Xa Xl)7 (1 - Te) ’ 6<T6)’ i? A(Td))

be s.t. A1-A8 hold, except that instead of AT we assume
AT7’: Financial structure A (1) is s.t.

d(&, I, k, 7q) € Loo(ET x L) Vk € K
and
[K(§)] < o0
A9: Function
7o (0,17 EKT) — (D, ).

where T is the product topology on [0, 1]‘ETXK| defined as
fra) =1 =74) - d(7a)

18 a homeomorphism. Fix

. =7, € [0, 1[\ET><L><I\.
Then
DT c [0, 1]FEE g,
mqr — o, 1]\ET><L><K|
and

V14 € DT
for the economy
5OO<ET7 <X7 X/) ) (1 - Te) € (7—6)7 =, A<Td))
a) 3 an FM equilibrium with TC
(@) 2 e (P, 30 (F(hie) € (X x 211) x ®REH x Q) x X1,

b) 3 an FM equilibrium with IDC

(@ (1), 2 (M hiers B(7), A7) € (XU x 211) x (RIETAH x Q).
c) 3 an FM equilibrium with EDC M (1) > 0, s.t. EDC M (1) > 0 is never binding

({(@ (1), Z (M hier» B(r), 7(7) € (X x 211 x (RIEH x Q).
d) 3 a CM equilibrium

{(@ (N}iey, (P (7)) € X1 x X1,
for the CM economy
Eo BT, (X, X'), (1 =7¢)-e(Te), =).

15



PROOF: a) Consider a function
£+ (0,15 T) — (D, [1) € Lo BT x K x L)
defined as
f(ra) = (1 =7a) - d(74).
By Theorem 5.1 on p. 151 of Magill and Quinzii (1996)
iDcD

s.t.

(D)=

and

@D, 2 D)iers (), 7. Fld)}ie)) € (X5 2) x (REH @ ) x X

an FM equilibrium with TC' Vd € D.
Set

DT = 1 (D)
Therefore, since
f : [O 1}|ET><L><K| — D
is a bijection and thus surjective (onto) we can conclude that

f(DT) = ff' (D) = DCD.

Therefore,
f(DT)=DcD.
Hence,
(FOT)y, = (D) =D
Since

£+ (0.5 1) — (D, |I.0)

is a homeomorphism and therefore closed mapping we have that

(f(DT))”.”oo = f((DT)']l')'
Thus,

f((DT>11‘) = (D>|I~HOOID‘
But
f <[07 1]|ET><L><K|) - D

Therefore, since

f . [07 1}|ET><L><K| _ .D

16
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is a bijection and thus injective (one-to-one), we can conclude that

(DT); = [ f((DT)y) = £ (D)) = (D)

and
0, 1]\ET><L><K\ Y ([07 1]\ET><L><K\> s (D).
Thus,
W’H‘ — o, 1]\ET><L><K\ '
Therefore,

V14 € DT
(@ (), 2 (ke B, a(1), mhe)) € (X x 21) x (RIETH x Q) x X!

is also an FM equilibrium with T'C' for the economy
gOO(ETa (X7 X/) ) (1 - Te) e (T€>7 i’ A(Td))
b) Now, we can conclude by Proposition 5.3 on p. 153 of Magill and Quinzii (1996) that

V7rq € DT
(@) 2 )i B, 7)) € (XY 21) x (RIETH Q)

is also an I DC' equilibrium for this economy.
c) We can conclude by Corollary 5.4 on p. 154 of Magill and Quinzii (1996) that

Vrq € DT
(@) 7 Dher B, 7)€ (X1 2) x (RETH x Q)

is an FM equilibrium with EDC M (1) > 0 for this economy, s.t. EDC M (7) > 0 is never binding.

d) Obvious. &

The result is very intuitive. It simply states that the dividend tax rate for which an FM equilibrium
with T'C' exists is never too far away.

This result is philosophically parallel to the finding of Magin (2015) that under reasonable assumptions
in a Finite Horizon FM economy with a financial structure with long-lived securities, FM equilibria exist
for all stochastic tax rates imposed on assets’ dividends except for a closed set of measure zero.

We are now ready to prove the existence of FM equilibria in Infinite Horizon FM economies with some
securities in positive supply.
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5. EXISTENCE OF FM EQUILIBRIUM IN INFINITE HORIZON FM ECONOMIES
WITH SOME SECURITIES IN POSITIVE SUPPLY

DEFINITION: We denote by
Eo(ET, (X, X'), (1 —71.)-e(7e), =, A(Ta), 0)
an Infinite Horizon FM Economy with assets in positive supply and with stochastic taxation
7= (1o, 74) € [0, 1[\ET><L><I| « [0, 1]|ET><L><K|7

where all notations are the same as in the Infinite Horizon FM Economy with assets in zero net supply
except that

0 = {0k}perc € R

be the total supply of shares s.t.

0, =2 0VEk € K
@z{k 0 Ky C K(€),

where £, € ET be the initial node &, of ET,
Ok = i,
iel

o = Zi(€oy Ky T) € Ry

be the number of shares of asset k € K held by agent i € I at the initial node &, of ET.

G D= 7 (& D) e& 1 Te)+ Y 0r-Tal& LK) -d(&, 1, k, 7a) V(1) € ET x L.

i€l keK

DEFINITION: An equilibrium with T'C of the Infinite Horizon FM economy with some assets in
positive supply &

Eo(ET, (X, X'), (1 —=71¢)-€e(7e), =, A(Ta), 9)
is a combination
(@ (), 2 Dher, B, a(), {7 (Mhe)) € (XU x 21) x (R %@ ) x x1V]

where all notations are the same as in the Infinite Horizon FM Economy with assets in zero-net supply
except that

Zzi (1) =4,

where

D Z(& k) =0 V(& k) € BT x K,
i€l

Sy = 0 Vk ¢ K.

18



THEOREM 3 (Existence of FM Equilibrium with 7C' and Long-lived Securities): Let
Exo(ET, (X, X'), (1 =7¢)-e(re), =, A(Ta), 9)

be s.t. A1-A8 hold, except that instead of AT we assume
AT": Financial structure A (7q) is s.t.

Si, = SR Viel,
keK
d(& 1, k, 74) € Loo(ET x L)y Vk € K s.t. 5= 6 >0
d(€, 1, k, m4) = i
(€ ) d(& 1, k, Ta) € Lao(ET x L) Vk € K s.t. 6= Y 0y =0
keK
and
[ ()] < oo

A9’: Function
f ([o, 1[ETXEX o [0, 1)/ FTXEXEL T) o (ED, ||) € Lao(BET x L x I) x Loo(ET x K x L)

where T is the product topology on
[O, 1[\ET><L><I| x [07 1]\ET><K|

defined as
f(Te,ma) =(L=7¢)-e(r), (1=74)-d(7a))

18 a homeomorphism. Then

AEDT c [0, 1[FEX 5 [0, 1]/ BT KT g ¢,
WT _ [0’ 1[|ET><L><I‘ > [07 1]|ET><L><K|

and for the economy
Eo(ET, (1 —71.)-e(7e), =, A(74), 0) VTq € EDT
a) 3 an FM equilibrium with TC
(@), 2 e B0, 1), 7)) € (X 21) x (REH x @ ) s xil,

b) 3 an FM equilibrium with 1DC

({(e (1) 2 (e B(7), a(r) € (X x 21) x (RE<H @),
c) 3 an FM equilibrium with EDC M (1) > 0, s.t. EDC M (1) > 0 is never binding

{(@ (), 2 (Dher, B(), a(0) € (XU x 21) x (RET<H % Q).
d) 3 a CM equilibrium

(@ (ks (P(r)) € X X,
for the CM economy
E(ET, (X, X'), (1 —71c)-e(1e), =).
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PROOF: a) Consider a function
fe ([0, 1)/ETEXIL 5 10, 1) ETET 'JI‘> — (ED, ||'||) € Loo(ET x L x I) X Loo(ET x K x L),
defined as
f(e, ma) = (L —7c)-e(r), (1=7a) d(7a)).
By Theorem 5.5 on p. 156 of Magill and Quinzii (1996)
JEDCED
s.t.

(ED), =ED

I
and
@i le ), zi(e, Abiers (Ble, ), Tle, d), {File, Dhiey)) € (X x 21) x (RIETH x Q) x X1

an FM equilibrium with TC' V (e, d) € ED.
Set

EDT = [~YED)
Therefore, since
f . [O 1]‘ET><L><I| > [O 1]‘ET><K| — v ED
is a bijection and thus surjective (onto), we can conclude that

f(EDT) = ff~(ED) = EDCED.

Therefore,
f(EDT)=EDCED.
Hence,
fFEDT) = (ED)=ED
Since

£+ ([0 20 s 0,2 PP ) — (D, )

is a homeomorphism and therefore closed mapping we have that

f(EDT>||.H = f((EDT)’JI‘)'

Thus,

f(EDT),) = (ED),,=ED.
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But

f <[O, 1[|ET><L><I| % [0, 1]\ET><K|) — ED.
Therefore, since

£ 00, 1[\ET><L><I| % [0, 1]\ET><K| _VED

is a bijection and thus injective (one-to-one) we can conclude that

[ (EDT),) = - ((BD)y, ) = (ED).
and
Juy <[07 [ETE o, mmxmc\) _ U(ED).
Thus,

WT _ [0’ 1[|ET><L><I‘ > [07 1]|ET><L><K| .

Proofs of b), ¢) and d) are similar to Theorem 2. W

The result is very intuitive. It simply states that the endowment and dividend tax rates for which an
FM equilibrium with T'C' exists are never too far away.

This result is philosophically parallel to the finding of Magin (2015) that in a Finite Horizon FM
economy FM equilibria exist for all stochastic tax rates imposed on agents’ endowments and dividends
except for a closed set of measure zero.

We are now ready to characterize the existence of FM equilibria in Infinite Horizon FM economies with
some securities in positive supply.

6. EQUILIBRIUM ASSET PRICES IN INFINITE HORIZON FM ECONOMIES WITH
SOME SECURITIES IN POSITIVE SUPPLY

DEFINITION: Let
gOO(ETa (X7 X/) ) (]- - 7—6) : 6(7—6)7 iv A(Td)a 5)

be an Infinite Horizon FM economy with some securities in positive supply o s.t.

(@), ZOhers (B0, A0), Fl)her)) € (X< 21) x (RETH @ ) x X1V

be an FM equilibrium with T'C' for this economy.
Then we say that the security k € K is priced at its fundamental value if

Gk )= Y ZED 5 1) (1-ra(6) A€, k Ta) Vi, & k) €1 x ET x K.
E'eET+(¢)
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THEOREM 4 (Security in Positive Supply Priced at its Fundamental Value): Let
E(ET, (X, X}, (1 —7o)-e(re), =, A(7q), 0)
be s.t. A6 and A7" hold and
(@), 2 hiers B), a(r), {mlm)her)) € (X x 21) x (REH x @ ) x X!

be an FM equilibrium with TC for this economy. Then the price of every security in positive supply
(6 > 0) is equal to its fundamental value, i.e.,

G k)= > ZED.5E 1) (1-7a(€)-d(E, k, T) (i, & k) €I x BT x K s.t. 5 > 0.
§EBT+(©)

PROOF: Just apply Proposition 6.2. on p. 158 of Magill and Quinzii (1996). B

Let us impose additional assumptions of differentiability of agents’ utility functions. In case of differen-
tiability of agents’ utility functions it is more convenient to use traditional stochastic processes notations
allowing us to use expectation operators. Indeed, set

dytr = {d (53 k, l)} (&, )EET; w7 XL vk € K,
Cirr = {¢i (& D} yeET oxr VP E L,

perr = 10 (&, )}(g, NeET, 7 xL*
Grer = {q (&, k)}g,eETt+T vk € K.

THEOREM 5 (Equilibrium Asset Prices with Differentiability of Utility Function): Let

EL(ET, (X, X)), (1—71.)-e(re), =, A(7q)) or
EL(ET, (X, X)), (1 —=71¢)-e(1e), =, A(Ta), 0)

be an Infinite Horizon FM economy s.t. agents’ preferences =; on X are given by the utility function

Ule) = S Pr(€) - b/ [ui(al, Z>>]=E{Z§bfuu<cmm],

(& )eEET XL leLT=0

where u; € C2, u)(-) <0, u; (-) >0Viec I and

(@), 5D hers (B), A7) {Fal)her)) € (X x 210) s (RETH x @ ) x !

be a T'C' equilibrium for this economy. Then

and

706 1) = T b e Pl @ 1P 7 (- ral€) A ) VG O €1 x BT,

Or using expectation operators

0w =L [bz—uu(c(lclt;)l) (Qk;t+1 + Dig1 (1 — Takey1) - dkt+1)] Vi, k)elx K.
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PROOF: Since
(@), 2 hier» (B(0), a(r), {m()her)) € (X x 21) x (RETH x @ ) x X1
is a T'C' equilibrium for the economy
Eu(ET, (X, X'), (1 —7¢)-€e(7e), =, A(Ta)) or Eo(ET, (X, X'), (1 —7.)-e(Te), =, A(7T4), )
we have that
¢; € argmax BIM(Py, (1 —7,,) - €).
Let us set up Lagrangian
LM & X B (1=7¢, ) €) =Uilc;)) = A~ [Fi-ci = P+ (1 = 7¢,) - i,

—~
Unknowns Parameters

where \; € R is the Lagrangian multiplier. Taking first-order conditions

CM _
DL (ciy N Py, (1—17¢, ) e) =0,
—— ~ ”
Unknowns Parameters

we obtain

CM .
DELM( ciy i (B, (1 =T 441) - €) =
\,—/ A ~ J/
Unknowns Parameters

04" _ DU(e;) — Ai - P, =0
8£dM
=P -¢,—P-(1—71) =0

By
Therefore, in equilibrium

9.LOM _ biT(é) b (T (6, 1) -Pry(6) = N - P (6, ) =0V (i, & 1) €I x ET x L.

dc;

s

ci=
P:
Ai=

>I
&

In particular,

oot Leme = 0Ll (@ (€, 1) - Pri(€) = X7 (€) =0V (i, €) € I x ET*(¢)
o£5M )\FM _ T = . . .
CRIC |1§f3: w; (¢, (&, 1)) — N\ -7 (§) =0 Vi € I, where ¢ is the initial node of ET.
X=X
{ 0 (@ (€ 1) Pri(€) = X (€) V0, €) €1 x BT (€)
w, (¢ (&, 1)) =N -7 (&) Vi € I, where € is the initial node of ET.
Hence,

Rr) _ g T(E) | wEE
mEn ~ Vi

But we also know that in equilibrium

Q& 1) = X ZeD G, 1)+ ) (1=7a&)-d(E, Ta) Vi, §) €1 x ET.
gegt

L) pr(e) Y (i, &) € I x ET(€).

D ul(E(E 1, 1)

Thus,
706 7) = X b el L) Pri(€) - (@ (€, 7+ B, 7)- (1= 7al€) - d(€, 7a)) ¥ (i, €) € 1 x ET.

Using expectatlon operators we can rewrite it as

0w =L [bz—uu(c(lclt;)l) (th+1 + Dig1 (1 — Takey1) - dkt+1)] Vi, k)elx K.
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Dividing both sides of this equation by g, we obtain the Euler Equation

u(Ci1t) Trt i(cie)

E biu;@f““)%“ﬂjﬁ“'(E_T‘i’““)'d’““} =F [—b ity (Cite Rpp| =1V, k) € I x K.
Clearly, if a security k € K is risk-free, then

biuf(Citeyr1) | 1
E |: u;(Eilt) - Rf'

Obviously, if a security k € K is short lived, then

Gu=F [b C“S (Prpr - (1 = Tages1) 'dkt-i-l)] j vicl m
=1.

bju! (Ci1¢41) biuf(Cits1) (1=Tare41) Prr1-drit1
FE —Z - =F +
ui(€i1t) Rt uf(€;t) Tt

THEOREM 6 (Security in Positive Supply Priced at Its Fundamental Value with Differ-
entiability of Utility Function): Let

Eo(ET, (X, X"),(1—=7¢)-e(1e), =, A(7a), 9)

be an Infinite Horizon FM economy s.t. agents’ preferences =; on X are given by the utility function

Uz'(Ci) = Z PT(f) 'b?(g) ) [W(Q’(& l))] =F [Z i bgpuu(CutJrT)] )

(&, )EETXL leLT=0

where u; € C2, wl(-) <0, u; (-) >0Vic I and

{@(7), 2 }icr» (B(7), AT), {TilT)}ies)) € (X4 x 211) x (RETXL‘ X Q) x X

be a TC' equilibrium for this economy s.t. all assets are priced at fundamental value. Then

76 1= ¥ bu© el Pr(e) B, 1) (1-Ta(€))-d(E, Ta) V(i §) €T x BT

& EET+(€)

or using expectation operators

’LLClt

Ty = ZbTu Czlt+T ]_ — Tdkt+1) 'ﬁt—i-l . dkt—l—l] V(Z, ]{;) cl x K.

PROOF: Since
- = — — = X\I\ Z|]| R|ET><L\ X/ |1
({@(7), 2 }ier» (B(7), AT), {Ti1)}ies)) € (X4 % (R xQ ) x X
is a T'C' equilibrium for the economy
gOO(ET7 (X> X,) ) (1 - TE> € (T€>> =, A(Td)’ 5)?
s.t. all assets are priced at fundamental value, we can conclude

g€ = Y ZED .5 1) (1-1a(€) d(€. ma) V(i &) € x ET.

§'EETH(§)

We know from the previous Theorem

e ) B L) pr(e) Vi, €) € T x BT (6).




Therefore,
g =¥ 5 uEetD P B¢, ) (1-Ta(€) - d(€, Ta) Y, € €1 x ET
¢ EET+(€) e

or using expectation operators

o0

Qo = B | 07410 5 (1= Tapar) - it | V(i k) €T x K.

ACHD)
T=1
THEOREM 7 (No "Optimal" P/E Ratio): Let
Ex(ET, (X, X'), (1—7c)-e(re), =, AlTa), 9)
be an Infinite Horizon FM economy s.t. agents’ preferences >=;on
Xi= X4
are given by the utility function

Ulc)= X Pr(€) -9 [uiele, Z>>]=E{Z§bfuﬂ<cw>},

(& DEETXL leLT=0

where

ui(c) = Cll:;: Viel
and
(@), 5D hers B), A7) {FalDher)) € (XU x 211) s (RETH x @ ) e !

be a TC' equilibrium for this economy s.t. all assets are priced at fundamental value. Assume further

> (A=Tagt+7) oot dretT

Cilt4T _ kEK _ (I=7art4+7) Pryr-drtyT .
Citt > (I=Takt) Pe-di (=T akt) Pe-di V(Z’ k, T> €I x KX {O’ T OO}’
kEK

1.€., all dividends are growing at the same rate and individuals’ consumption is growing at the same
rate as total dividends* and

ln(bl ) ((I—Tdktﬂ)ftﬂ'dktﬂ)1—>\i> ~ N(,ud, Ud) V(Z, T) el x {07 ,OO}

(I=Tart) Py-dit

with
ool |:1I1 ((1Tdkt+T1)'pt+Tl-dkt+T1> ’ In ((1Tdkt+T2)vpt+T2'dkt+T2):| —0 \V/( Tl, TQ) c {17 - OO} % {1’ - OO},

(1—=Tart) Py dit (I=Takt) Py-die

Ty # T3
and
etatas <19V (i, k, T) € I x K x {0, ...,00}.

Also, let EPS}; be the equilibrium earnings per share of an asset k € K at time t and POy, be the
equilibrium Payout ratio associated with this asset. Then

— p— = R — p—
Tre(1gs 05, Tawes (), POy (Tare) » EPSky) = [ CRAR } P(7) - (1 — Tart) - POyt (Tare) - EPSye Vk € K.

1_2
1—edt27d

n
4Since our modified CCAPM describes a production economy, the total dividend 3 dj;y7 represents total output, i.e.,

k=1
GDP.
See Appendix and Magin (2014) for calculations.
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PROQOF: By assumption of the Theorem we know that

@), e (), 70, {Folr)hiey)) € (X% 201) x (REH < Q ) x Ly(BT x 1),
a T'C' equilibrium for this economy s.t. all assets are priced at fundamental value, i.e.,
76 1) = ¥ o LD )P 1) (1= ra(€)d(€, 7a) VUi, €1 x BT
¢'€ET(¢) '

or using expectation operators

q
kt z (cllt

E .
ZbT E i6+7) Degr - (L= Tagesr) - dkt+T] Vi, K)elxK.

Therefore,

Gt =
Cilg

[ee] — -\
C; _ .
E|) b (—_”*T) Bror - (1= Tarerr) dkt+T] Vi, K)elxK.
T=1

By assumption of the Theorem, we have that

= kZ (=T akt+7) Pegr At +T (1—r ) B ped
itd T _ keK _ dt+T) Peir At Ty LT I % K x o
Citt kZ (=T akt) Py drt (1—7Tgt) Dy de ( ) ) S {07 sery }
€K

Hence,

carer . UoTant)Purdiet ;o TY e [ x K x {0, ..., 00}

Cilt (1=Tas) Dy-die

zlt+T

Substituting the expression for into the previous equation (1), we obtain

(1—=Take) Py-drt

—Xi
At = [Z bl - <(1 AT dkHT) (= Tart+r) - Pegprdierr | V (i, k) € I X K.

Therefore,

1-X;
qkt — {ZbT ((1 Tdkt+T) PraT’ dkt+T) :| . (1 _ Tdkt) .pt . dkt V(i, k) cl x K.

(1=Tare) Py-dit

Moreover,

(1_Tdkt+T)'pt+T'dkt+T Cilt4+T

] b . (A=Tart+7+1) Prpr+1-IrtT+1 1-A — (b, - (GLEre1y1-); N
n i = *n<1 (* ) )N (:udao-d)

V(i, k, T)eIx K x{0,...,00}. Also,

_ - 1-x Tz 1-\;
T . (1_Tdkz+7)'pz+7'dkt+7 _ | | (I=Tat1741) Prarar1 Akt T41
@ (1=Takt) Py drt (A=Tart+1) Pear Akt T

v (k;, i T) €1 x K x{1,...,00}. Taking logarithms of both sides, we obtain

_ 1= r— 1-)
In bT . (1*7dkxt-ﬁ)'pt+?dkt+f —In H (I—Tare+7+1) PraT41 -Gkt +T+1 v _
t (1=7art)-Pe-dt (=T art+7) Pegr-dretT
T=

(1=Tdkt+T+1) Peg 741 Dt + 741 1-X; . -
= In wa( T+ ) V(i, k, T) e I x K x {1,...,00}.
0

(=T akt+1) Pryr drt T
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Hence,

() prdes ) 7 _ S Orireren) P i)
T “Takt+T ) Pt T Ot T _ . —Tdkt+T+1) Peyr+1 Dbt +T+1 ¢
In (bi < (1=Take) Py-die > ) o Zln <b7’ ( (I=Takt+7) Pryr-dit+T > )
V (i, k, T) € I x K x {1,...,00}. Clearly,
(1 ) Bryrd 1A —- a ) d 1=A
T . T akt+T ) PetT Cpt+T . . —Tdkt+T+1) Pty T+1 Cht+T+1 * _ 7.
In <bz ( (1—Tdkt) Py dict ) )] = ZE |:111 <bz ( (=T akt+1) Pegr At > )} =T Hq
T=0

v (i, k, T) €1 x K x{l,...,00} and, since by assumption of the Theorem

E

OV |:ln ((1Tdkt+T1)'pt+T1'dkt+T1> In ((1Tdkt+T2)'pt+T2‘dkt+T2):| —0V(Ty, To) € {1,....,00} x {1,...,00},

(=T ant)-Pr-drt (I—=Takt) Py-die

Ty + Ty

we have that
(1 ) Prord A = 1 ) d 1-Ai
T “Tat+T ) PeaT Ope4T . . —Tdt+T+1) Dy 141Gkt +T+1 g _ T 2
In (bi ( (or i) i ) )] => VAR [ln (bl ( e b ) )} —T. 02
T=0
‘v’(i, k, T) €l x K x{l,...,00}. Therefore,

_ 1-);
In (bZT . ((1_Tdkf+T)'pt+T'dkt+T) ) ~N(T - p1g, VT - 04)

(I=Takt) Py-dis

VAR

Vi, k, T) € I x K x{1,...,00}. Fix an arbitrary (i, k, T) € I x K x{0,...,00}. Let

_ 1-X;
_ T ( A=Tares ) Dot At 1T
r=In|b = .
¢ (1=Takt)Py-drt

Therefore,

(1—r ) Bypp-d 1A o2 )
E bT i dkt+T T kt+T = F [ex] — e“w+7 — eT'Md+§T“7d
g (1=Takt) Py-dit

V(i, k, T) eI x K x{1,...,00}. Thus,

_ 1-), o
E |:sz ) ((ldekt+T)~Pt+T~dkt+T) :| — Tna+3T03 V@i, k, T) eI x K x{1,...,00}.

(I=Takt) Py-die

Hence, summing over VT € {1, ..., 00}, we obtain
o0 — 1-X; o) _ 1—\:
T . ( A=Takt4) Prypr-dittr o T  ( A=Tat41) Pryr ditsr o
E |:Tz:1b1 ( (1=Take) Py-dit ) :| o Tz::lE |:b’ ( (1=7at) Py-det > :| B

= S eTrataToi v (i k) e I x K.
T=1

Taking into consideration that by assumption

E |b; - ((1_Tdkt+T)'Pt+T+1'dkt+T+1)1)\i — elat3h < 1
¢ (1=Takt) Py-dit -
V(i, k, T) € I x K x{0,...,00} and summing over V1" € {1,...,00}, we obtain

00 1.2
1 2 ngtso
Z e{l .ud+§T.a'd etdT™2%

1_2-
T=1 1—¢ldt27
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Therefore,

(1=Tart) Py drt

— - T (=T art+7) P kT A RS Lo
G = F Zbl( ) 'pt'<1_7dkt)‘dkt:—12'pt'<1_7dkt)'dkt-
T=1 _
So
— _ e +l02 _
Tr(1tas 05y Tarts Do(7), dit (Tawe)) = [—jd 2;?,2} D7) - (1= Tame) - dye (Tare) VE € K.

Therefore,

1 2
e“d+§0-d

Tt (ttas 02 Tages Dy(T)s POkt (Tare) , EPSye) = [ ] D7) - (1 = Tagt) - POkt (Tage) - EPSpy. | M

1.2
1_6'“‘d+§0'd

7. CONCLUSION

This paper proves the existence of equilibria in the Infinite Horizon GEI model with insecure property
rights. Insecure property rights come in the form of the stochastic taxes imposed on agents’ endowments
and assets’ dividends. This paper finds that under reasonable assumptions, FM equilibria with TC as well
as equilibria with Implicit Debt Constraint IDC and EDC exist in Infinite Horizon FM economies with
stochastic taxes and with short-lived securities in zero net supply. This paper finds that under reasonable
assumptions, FM equilibria with TC as well as equilibria with IDC and EDC exist in Infinite Horizon
FM economies with long-lived securities in zero net supply for a dense subset of the set of all stochastic
dividend tax rates. The paper also finds that under reasonable assumptions, FM equilibria with TC as well
as equilibria with IDC and EDC exist in Infinite Horizon FM economies with some long-lived securities in
positive supply for a dense subset of the set of all stochastic endowment and dividend tax rates. Finally,
we find that GEI implies that there is no such thing as the "optimal" buying or selling P/E ratio but that
instead it is completely determined by constantly changing investors’ expectations of company’s after-tax
profitability.

APPENDIX

Using historical numbers instead of subjective estimates for 1., o2 leads to a form of the Equity Premium
Puzzle. Indeed, Mehra (2003) and Mehra and Prescott (2003) estimate that historically

E [1n(0f+fl)] — 0.02,

Ct+1l

VAR [m(%jfll)} — 0.00125.

C

and
bisz:T}n:o.gg.
Moreover, Magin (2014) estimated that for S&P 500 holders

Therefore, we estimate

28



Cit+1 Ct+1

= In(0.99) + (1 = 3.76) - 0.02 = —0.0652.

pg=FE [ln (bi(M)l—Aiﬂ =Inb;+(1—-X\)-FE [hl(w)} =

and
o = VAR [ln (b (22)0) | = (1= 0)? - VAR [in(22)] =
= (1 -3.76)%-0.00125 = 0.0095.
Thus,
fig + %03 = —0.0652 4+ 0.0095 = —0.0557.
Hence,

1.2 _
eHat3% = 700557 — () 95 < 1
as we indeed assumed in Theorem 7.
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