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ABSTRACT. We present theorems on the existence of Berk-Nash equilibria in mis-
specified Markov Decision Processes with infinite action and state spaces. We
extend the results of Esponda-Pouzo (2021) for finite state and action spaces to
compact action spaces and sigma-compact state spaces with possibly unbounded
payoff functions. This extension allows, for the first time, consideration of continuous
distributions with possibly unbounded support. We provide several examples that
span various areas in economic theory: neo-classical producer theory, the optimal
savings problem, and identification and inference in econometric theory. The proofs
use a recent technique in nonstandard analysis, originated by the second author, to
extend known theorems for finite mathematical systems to infinite systems. This
technique has already generated new results in probability theory, statistical decision
theory, and general equilibrium theory, and is potentially applicable to a wide range

of problems. (138 words)
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1. INTRODUCTION

Learning under model misspecification is an important topic in economic theory.
Esponda and Pouzo (2021) (hereafter “EP”) define an equilibrium notion, Berk-Nash
Equilibrium, for misspecified Subjective Markov Decision Processes (SMDPs) in a
dynamic programming environment.> EP presents results on the existence and stability
of Berk-Nash equilibrium in SMDPs with finite state and action spaces. This paper
extends the EP existence results to SMDPs with sigma-compact state and compact
action spaces. This extension covers SMDPs with continuous distributions, unbounded
state spaces and unbounded payoff functions. It covers examples chosen by EP to
illustrate the importance of the Berk-Nash concept, but which lie outside the scope of
their theorems.

The literature on Markov Decision Processes (MDPs) is replete with settings that
naturally feature infinite state and action spaces.®* We consider five examples from
three important economic environments: (i) neoclassical producer theory, (ii) the
optimal savings problem, and (iii) identification and inference in econometric theory.
In the first environment, we consider two instances featuring demand and supply

shocks to the revenues and the costs of the producer, and note the consequences of

'For literature on learning under misspecification, see Arrow and Green (1973), Nyarko (1991),
Hansen and Sargent (2011), and Fudenberg et al. (2021) and the references therein.

%Classical references on dynamic programming include Maitra (1968), Puterman (1994), and Bhat-
tacharya and Majumdar (2007).

3See Puterman (1994) for illustrations covering operations research, economics and engineering.
Chapter 3 sketches many settings in economic theory that naturally demand infinite state and action
spaces. Examples include the asset selling problem in Karlin (1962) and the employment seeking
problem in Stokey and Lucas (1989).
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the misspecified distributions of these shocks for the profit-maximizing choices.* The
second environment extends Example 2 of EP, which features an optimal savings
problem with a binary preference shock, to shocks with continuous and unbounded
support.® Finally, we provide two examples in Gaussian AR(1) processes that connect
the notion of Berk-Nash equilibrium to the existence of unit roots.°

In Theorem 1, we establish the existence of a Berk-Nash equilibrium for a reqular
misspecified SMDP with compact action, state and parameter spaces, and hence
bounded payoff functions, but with unbounded densities (Radon-Nikodym derivatives).
However, the assumption of a compact state spaces rules out distributions that have
unbounded support, including normal, exponential and log-normal distributions which
play central roles in economic theory and finance. The extension of Theorem 1 to more
general environments necessitates further assumptions on the primitives of the problem.
Theorem 2 considers a o-compact state space with bounded payoff functions, under a
regularity condition on the state space, a tightness condition on the class of probability
measures and either a uniform integrability or a uniqueness condition on the relative
entropy (Kullback-Liebler divergence). The tightness condition that we impose is
satisfied by many economic applications (e.g. Ornstein-Uhlenbeck and Cox-Ingersoll-
Ross processes) and we provide two sufficient conditions to test its applicability in
environments of interest. Theorem 3 relaxes the boundedness’ condition on the payoff
functions by weaker bounded and continuity conditions (state-boundedness, fold-
boundedness and W-continuity). Theorem 4 provides a possible learning foundation
for SMDPs with compact state and action spaces that generalizes Theorem 2 in EP;
since it depends on a strong convergence condition (see Definition C.6) that we hope
to relax in future work, we report it in the Online Appendix.

The proofs make use of nonstandard analysis, a powerful mathematical technique
that originated in Robinson (1966) and was introduced into mathematical economics
in Brown and Robinson (1975). This paper makes use of a novel application developed
recently by Duanmu (2018) and so far applied to probability theory, mathematical
“Lorenzoni (2009) explores the role of productivity shocks, news shocks and sampling shocks in
driving business cycles with the shocks normally distributed with the real line as their support.

A key paper that connects learning, optimal savings and uncertainty is Koulovatianos et al. (2009).
Our convergence result (Theorem 4) in Appendix C applies potentially to such settings.

6See Farmer et al. (2021) for empirical illustrations connecting unit roots to model misspecification
in macroeconomic settings. There are at least three more avenues where misspecification is being
actively explored; climate economics (Berger and Marinacci (2020)), axiomatic decision theory

(Cerreia-Vioglio et al. (2022)) and non-atomic anonymous games (Cerreia-Vioglio et al. (2020)).
"See Assumption 5 and Assumption 6 in Section 2.2 for further details.
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statistics and economics.® Previous applications of nonstandard analysis in mathe-
matical economics showed that results that are true in infinite settings but false in
finite settings are approximately true in large finite settings.” Here, by contrast, we
take results that are exactly true in finite settings and transport them to results in
infinite settings. This method is applicable in situations in which the desired result
is known for finite objects, its proof depends heavily on finiteness, but its statement
makes sense for infinite objects.

A meta-theorem in mathematical logic guarantees that any nonstandard proof can
be mechanically translated into a standard one, but the resulting standard proof
can be very long and convoluted. The original EP proof can be modified to give a
tractable standard proof for a version of Theorem 1 under the strong!® additional
assumption that the Radon-Nikodym derivatives are bounded. We do not know how
to give tractable standard proofs for Theorem 1 without bounded Radon-Nikodym
derivatives, for Theorem 2 or for Theorem 3.

Section 2 formalizes a misspecified SMDP, motivates the various assumptions we
make on it, and presents our main results. Section 3 provides five concrete examples
of SMDPs with infinite state and action spaces that are covered by our theorems.
Section 4 lays out the methodological innovations of the paper and sketches the proofs.
Section 5 briefly discusses the extensions of our single-agent results to a broader class
of multi-agent misspecified environments. The Online Appendix gives a supplementary
result that furnishes a learning foundation to the existence results and also contains
the detailed analysis of the examples. The Appendix contains self-contained proofs of

all our main results.

2. THE ENVIRONMENT AND MAIN RESULTS

We begin by describing the environment faced by the agent which mirrors the
one in EP. At the start of each period t = 0,1,2,..., the agent observes a state
sy € S, takes an action x; € X that determines the distribution of the future

state s;.1 given the transition probability function Q(:|s;, x;) with the initial state sy,

8Duanmu’s technique has previously been applied to statistical decision theory (Duanmu and Roy
(2021)), Markov processes (Duanmu et al. (2021a) and Anderson et al. (2021b)), and to abstract
economies and Walrasian equilibrium (Anderson et al. (2021a) and Anderson et al. (2022)).

9For previous applications of nonstandard analysis to mathematical economics, see for example,
Brown and Robinson (1975), Anderson (1985), Khan (1976), Khan and Sun (2001), Duffie and Sun
(2007), Anderson and Raimondo (2008), and Duffie et al. (2018).

10Given any two Gaussian distributions with distinct variances, the Radon-Nikodym derivative of
the one with the larger variance with respect to the other is unbounded. Moreover, as we see in
Example 3.1, unbounded Radon-Nikodym derivatives arise routinely in OLS estimation.
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drawn according to the initial probability distribution ¢q. For a given payoff function
(8¢, Ty, Ti11), the agent then maximizes her expected discounted utility by choosing

a feasible policy function. We now formally describe these objects.

Definition 2.1. A Markov Decision Process (MDP) is a tuple (S, X, qo, @, 7, 6), where

(1) The state space S is a o-compact locally compact metric space with Borel
o-algebra B[S];

(2) The action space X is a compact metric space with Borel o-algebra B[X];

(3) The initial distribution of states g is a probability measure on (S, B[S]);

(4) @Q: S x X — A(S) is a transition probability function, where A(S) denotes
the set of probability measures on S. That is, for each (s,z) € S x X, Q(s, z)
is a probability measure on S. We sometimes write Q(-|s, z) for Q(s,z)(-);

(5) m: 5 x X x S — R is the per-period payoff function;

(6) The discount factor ¢ is in [0,1).

By the principle of optimality, the agent’s problem can be cast recursively as
V(s) = max/{w(s, z,s' )+ o0V (s)}Q(ds']s, x). (2.1)
zeX JS

Let C[S] denote the set of real-valued continuous functions equipped with the sup-norm.
Then C[S] is a complete metric space. Let F': C[S] — C[S] be the operator such that
F(g)(s) = max,cx [({7(s,2,5) 4+ 0g(s') }Q(ds'|s, z). Such F is a contraction. By the
Banach fixed point theorem, there exists an unique V' € C[S] that is a solution to the
Bellman equation Eq. (2.1). We use MDP(Q) to refer to Markov Decision Process
with transition probability function Q.

Definition 2.2. An action x is optimal given s in the MDP(Q) if
T € arg max/{w(s,i, s+ 0V (s)}Q(ds'|s, &) (2.2)
zeX S

We next describe a subjective Markov Decision Process.

Definition 2.3. A subjective Markov Decision Process is a Markov Decision Process,
(S, X, q,Q,m,0), and a nonempty family of transition probability functions, Q¢ =
{Qp : 0 € O}, where each transition probability function Qg : S x X — A(S) is

indexed by an element # € ©. A subjective Markov Decision Process is said to be

misspecified if Q ¢ Qe.

We write SMDP((S, X, qo, @, 7, 9), Qo) to denote a subjective Markov Decision
Process with the Markov Decision Process (S, X, qo, @, 7, 0) and the family Qg of
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transition probability functions. For all @ € ©, all (s,2) € Sx X, let Dy(+|s,z) : S — R
be the density function if Q(s,x) is dominated by Qg(s,x) and let Dy(s'|s, z) = oo if
Q(s,z) is not dominated by Qg(s, z)."

Definition 2.4. A regular subjective Markov decision process (regular-SMDP M) is
a SMDP that satisfies the following conditions:

(1) The parameter space © is a compact metric space;

(2) The mapping (s,z) — Q(s, ) is continuous in the Prokhorov metric;

(3) The mapping (6, s, ) — Qg(s,x) is continuous in the Prokhorov metric;

(4) The density function Dy(s'|s, z) is jointly continuous on the set {(6, s, s, x) :
Q(s,x) is dominated by Qg(s,x)};

(5) (Uniform integrability) For every compact set S’ C S, there exists some 7 > 0
such that (D9(~|s, x))lﬂ is uniformly integrable with respect to Qg(s, z) over
the set {(0,s,x) : Q(s,z) is dominated by Qy(s,x)}. That is, for every ¢ > 0,
there exists x > 0 such that

/E (Day (t150, 70)) " Qay (50, ) (A1) < € (2.3)

if (6o, s, o) is an element of the set {(0,s,2) € © x §' x X : Q(s,x)
is dominated by Qy(s,7)} and Qg,(s0,70)(E) < k'%;

(6) (Absolute continuity) There is a dense set © C © such that Q(s, ) is dominated
by Qg(s,x) for all § € © and (s,z) € S x X;

(7) The per-period payoff function 7 : S x X x S — R is continuous.

Remark 2.5. In Item 5, k depends on both e and the compact set S’ C S. Note that we
allow Dy(-|s, z) to take value oo even if Q(s,z) is dominated by Qg(s, ). So we allow

for unbounded continuous density functions even when the state space is compact.

Definition 2.6. The weighted Kullback-Leibler divergence is a mapping K¢ : A(S x
X) x © — Rs such that for any m € A(S x X) and 0 € O,

Kg(m,0) = / Eqjse) [In (Do(s'|s,2))] m(ds, dz). (2.4)

SxX

HWe use R to denote the extended real line, equipped with the one-point compactification topology
(Willard (2012)).

12This condition is automatically satisfied if the density functions Dg(-|s, z) are uniformly bounded
over the set {(0,s,z) : Q(s,x) is dominated by Qg(s,z)}.



The set of closest parameter values given m € A(S x X) is the set'®
O©¢g(m) = argmin Kg(m, 0). (2.5)
0o

For (s,z) € S x X and 0 € O, the relative entropy (Kullback-Leibler divergence)
from Qy(s,z) to Q(s,x) is:

DKL(Q(S,:U),Qg(s,x)) = Eg(|s.) [ln (Dg(s’\s,w))} ) (2.6)

If Q(s,x) is dominated by Qy(s,x), then we have

DKL(Q(S,QI),Q(;(SJ)) :/SD(;(S/\S,x) In (Dg(sl\s,x))Qg(ds’\s,x). (2.7)

and otherwise, it equals infinity. Moreover, by Item 5 in Definition 2.4, the function
Dy(-|s,z) In (Dy(:|s,z)) is an integrable function with respect to Qy(s,z). For m €
A(S x X), let ©,, = {# € © : Ko(m,0) < co}. By Definition 2.4, we have © C ©,,
and Kg(m,0) is a continuous function of § on ©,,. Finally, by Jensen’s inequality, the
relative entropy Dir(Q(s, ), Qs(s, x)) is non-negative for all (s,z) € S x X.

Definition 2.7. A probability distribution m € A(S x X) is a Berk-Nash equilibrium
of the SMDP((S, X, qo, @, 7, 6), Qo) if there exists a belief v € A(O) such that
(1) Optimality: For all (s,z) € S x X, that is in the support of m, x is optimal
given s in the MDP(Q,), where Q, = [ Qov/(df);
(2) Belief Restriction: We have v € A(@Q( ));
(3) Stationarity: For all A € B[S], m = [o.x Q(Als, x)m(ds,dz), where

mg denote the marginal measure of m on S .

Next, we present three existence results: the first pertains to a compact state space
and the other two, to non-compact state spaces. Throughout, we assume the action

space X, and parameter space © to be compact.

2.1. Existence of Equilibrium with Compact State Space. Our first main result
is on the existence of a Berk-Nash equilibrium when the underlying state space is

compact.

Theorem 1. For every reqular-SMDP M with a compact state space, a Berk-Nash
equilibrium exists.

13We follow the standard convention in that In(0) -0 = 0 and integral of infinity over a set of measure

0 is 0. Further, g =0, % = 00, logoo = oo.



8

2.2. Existence of Equilibrium with Sigma-Compact State Space. We extend
Theorem 1 to a regular SMDP M with a non-compact state space. We assume that
the density functions {Dy(:|s,z)} take value in R. That is, for all # € © and all
(s,z) € S x X, let Dy(-|s,z) : S — R be the density function if Q(s,x) is dominated
by Qo(s,x) and let Dy(s'|s,z) = oo if Q(s, ) is not dominated by Qy(s,x). We start

with the following assumption on the state space S.

Assumption 1. (Regularity) There exists a non-decreasing sequence {5, }nen of
compact subsets of S such that
(1) Upen S = S
(2) qo(Sn) > 0 for all n € N;
(3) There exists r > 0 such that Q(s,z)(S,) > r and Qu(s,x)(S,) > r for all
n €N all (s,z) €S, x X and all § € ©;
(4) Foralln € N, S, is a continuity set of Q(s, ) and Qy(s, x) for all (s,z) € S, x X
and all 6 € ©.

Assumption 1 imposes four technical conditions on the state space that are satisfied
for most applications in the literature. It requires that the state space S can be
deconstructed into a countable, non-decreasing sequence of subsets such that their
union is the state space S. Items 3 and 4 of Assumption 1 jointly imply that the
true and model transition probability functions are well-behaved for the truncation
of the SMDP M defined on the sequence {S,},en. That is, for n € N, define

& = ((Sn, X, q0, Q" 1y, 6), Q) to be the SMDP such that

(1) The state space is S, endowed with Borel o-algebra B[S, ];

(2) The action space is X, endowed with Borel o-algebra B[X];

(3) qp(A) = % for all A € B[S,; )

(4) The parameter space ©' is a finite subset of ©;

(5) Q" : S, x X — A(S,) is the transition probability function defined as
Q" (s, 2)(A) = F=DEL for all A € B[S, ];

(6) For every 0 € ©', Qp : S, x X — A(S,,) is defined as Q(s,z)(A) = %
for all A € B[S,] and let Qf, ={Q} : 0 € ©'};

(7) mp 2 Sp x X xS, — R is the restriction of 7 to S, x X X S;

(8) 0 €[0,1) is the discount factor.

Remark 2.8. For 6 € O, it is possible that Q"(s,z) is dominated by Qj(s,z) but
Q(s,z) is not dominated by Qy(s,z). Thus, we need to approximate the state and
parameter spaces of the full SMDP M by carefully chosen subsets, simultaneously.
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So we choose to approximate the state space S by the sequence {S,, },en of compact

sets and approximate the parameter space © by finite subsets of o.

To ensure that the Markov decision process has a stationary measure, a sequence
of stationary measures for the truncated Markov decision processes should have a
convergent subsequence. For every n € N and every P € A(S, x X), let R,,(P) be
the probability measure on S,, such that

R.(P)(A) = Q" (Als,z)P(ds, dx). (2.8)
Snx X
Let Pg denote the marginal measure of P on S. The following tightness assumption

guarantees the existence of a stationary measure.

Assumption 2. (Tightness) The family R is tight, where
R = {R,(P) :n€N,P e A(S, x X), Ps = R,(P)} (2.9)

Assumption 2 ensures that any sequence of stationary measures for the truncated
transition probability functions {Q"(s,x) : s € S,,x € X} is tight, which further
implies that any sequence of stationary measures has a convergent subsequence.
Tightness may sometimes be hard to verify directly and therefore, we provide two

sufficient conditions that are satisfied for most applications.

Condition 1 (Reversible): The transition probability function {Q(s,z)} has a
unique stationary measure 7 and is reversible with respect to . That is, there exists
a unique 7 € A(S x X) such that

s(A) = ) XQ(s,x)(A)W(ds,dx) (2.10)

for all A € B[S]. Moreover, for all A, Ay € B[S], we have

Q(s,x)(Az)m(ds,dz) = Q(s,x)(Ay)m(ds,dz). (2.11)

A xX Aox X
Condition 2 (Lyapunov): The transition probability function {Q(s, z)} satisfies the
Lyapunov condition, that is, there exist a non-negative continuous norm-like function

V,** and constants 0 < a < 1, B > 0 such that
/SV(?J)Q(S, z)(dy) < (1 —a)V(s)+f (2.12)

A function V : S — Rsg is norm-like if {s € S : V(s) < B} is precompact for every B > 0.
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for all s € S and x € X. Moreover, the sequence ({s € S : V(s) < n})nen of sets
satisfies Assumption 1. Then, by taking S, = {s € S : V(s) < n}, Assumption 2 is
satisfied.

To establish belief restriction for the full SMDP M, we impose the following

assumption on the relative entropy.

Assumption 3. (Uniform-integrability) For all 6 € O, the family of relative entropy
{DkL, (Q(s, x), Qo(s, x))} is uniformly integrable with respect to all stationary P €
A(S x X). That is, for every € > 0, there exists x > 0 such that

/ Eq(jsq) [In (Do(s'|s,2))] P(ds,dz) < e (2.13)
E
for all @ € © and all stationary P € A(S x X) with P(E) < k.5

The candidate Berk-Nash equilibrium for M is the weak limit of Berk-Nash equilib-
rium for the sequence of truncated SMDPs. Assumption 3 allows us to approximate
the weighted Kullback-Leibler divergence of M from the weighted Kullback-Leibler
divergence of truncated SMDPs. Alternatively, we can also establish belief restriction

under the following assumption.

Assumption 4. (Uniqueness) There exists a unique 6y € © that minimizes the
relative entropy Dy, (Q(S,JZ),Q@(S,JZ)) for all (s,xz) € S x X. Moreover, for every
n € N, fy uniquely minimizes Dgy,(Q" (s, x), Q4 (s, z)) for all (s,z) € S, x X.

Remark 2.9. Under Assumption 4, the set of closest parameters for M and all
truncated SMDPs is the same singleton set {6p}. If the model is correctly specified,
then Assumption 4 is trivially satisfied and the the set of closest parameters contains

a single point, which is the true parameter value.

We establish optimality under two different set of conditions: Theorem 2 assumes
the payoft function is bounded continuous while Theorem 3 allows for unbounded
payoff functions under a fairly general norm-restriction assumption on the state space.

For the bounded case, we assume,

Assumption 5. (Boundedness) The payoff function 7 : S x X x S — R is a bounded
continuous function.

150ne sufficient condition for Assumption 3 is to assume that the relative entropy is uniformly
bounded on the set {(0,s,2) € © x S x X : Q(s,z) is dominated by Qp(s,z)}. If the true transition
probability function @) and every element in Qg do not depend on the current state, as the action
and parameter spaces are compact, this sufficient condition is usually satisfied.
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We now present our second theorem that establishes the existence of Berk-Nash

Equilibrium for bounded payoff functions with o-locally compact state space.

Theorem 2. Any regular SMDP that satisfies reqularity (Assumption 1), tightness
(Assumption 2) and has a bounded payoff function (Assumption 5) has a Berk-Nash
equilibrium if either the SMDP is correctly specified or if one of the assumptions of

uniform integrability (Assumption 3) or uniqueness (Assumption 4) holds.

Unbounded payoff functions are common in many environments. We assume the
state space S is a norm space and use ||s|| to denote the norm of an element s € S.

We impose the following assumption on the payoff function.

Assumption 6. (State-boundedness) The payoff function 7 : Sx X xS — R is a jointly
continuous function and there exist A, B € R+ such that'® for all (s, z,s') € Sx X x5,
7(s, 2, 8')| < A+ Bmax{|s|,[|s']|}.

Our final two assumptions are on the subjective transition probability functions.

Assumption 7. (Fold-boundedness) Let B € R.q be given in Assumption 6. There
exist'” some C,D € Ry such that [ [|s'[|Qo(ds’|s,z) < C + M%HS” for all
reX,feB®andses.

The following stronger continuity condition is assumed on the family Qg = {Qy :

6 € ©}. Let dg denote the metric on S generated from the norm.

Assumption 8. (W-continuity) The mapping (6, s, z) — Qg(s,z) is continuous in
the 1-Wasserstein metric. Moreover, Qg (s, x) has finite first moment for all (0, s, x) €
O x S x X. That is, for every (0,s,7) € © x S x X, there exists'® some sy € S such

that [ ds(t, s0)Qo(s, x)(dt) < oco.
Our final theorem establishes existence for unbounded payoff functions.

Theorem 3. Theorem 2 holds if the boundedness of the payoff function (Assumption 5)
is weakened to state-boundedness of the payoff function (Assumption 6) but with
subjective transition probability functions being fold-bounded (Assumption 7) and

W-continuous (Assumption 8).

16Tnstances where such an assumption is easily satisfied are common: (i) a monopolist’s payoff in
Nyarko (1991), (ii) CRRA payoff functions in stochastic growth and optimal savings environments.
177t is clear that (H&% — % as D — oo. If we assume that there exist C € R<g and D < % such
that [ [|s'|Qo(ds’|s,z) < C + D||s||, then it implies Assumption 7 with a suitably chosen D’.
8By the triangle inequality, under Assumption 8, we have fs ds(t,s)Qe(s,z)(dt) < oo for all ¢ € S
and all (0,s,2) € @ x S x X.
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3. SOME SELECTED EXAMPLES

In this section, we present examples to demonstrate the applicability of our main
results to a variety of problems encountered in economic theory. Examples 3.1 and
3.2 connect the existence of an equilibrium with the existence of unit roots for an
AR(1) process. Examples 3.3, 3.4, and 3.5 illustrate settings that naturally involve

continuous distributions.

Example 3.1 (Unbounded Densities and Unit Root). In this example, we show that
for a AR(1) process, a Berk-Nash equilibrium exists if and only if the AR(1) process
does not have a unit root. In addition, we illustrate that the unbounded density
functions arise naturally in correctly specified econometric inference problems.

Consider a SMDP with state space S = R, a singleton action space X = {0}, and a
payoff function 7 : S x X x S that equals 0 for all (s, x,s) € Sx X xS. For every s € S,
the true transition probability function @Q(s) is the distribution of ags + bo§, where
ap € [0,2],by € [0,1] and ¢ = N(0, 1) has the standard normal distribution.'® The
parameter space © is [0,2] x [0, 1] and for every (a,b) € O, the transition probability
function Qap)(s) is the distribution of as + b¢.

Consider first the degenerate case by = 0. In this case, the evolution of the state
is deterministic. When ao < 1, the Dirac measure (o) at (0,0) is a Berk-Nash
equilibrium, supported by the belief d(4,,0). When ag = 1, every Dirac measure d(, )
for s € S is a Berk-Nash equilibrium supported by the belief ;). There is no
Berk-Nash equilibrium if ag > 1.

Now, we turn to the non-degenerate case by > 0. The true transition probability
function Q(s) = Q(agb0)(5) is absolutely continuous with respect to Q4 (s) for all
(a,b) € © = [0,2] x (0,1], and the density function is jointly continuous function where
it is defined. Note, however, that the density function is unbounded on 6, tending to
infinity as b — 0. The unboundedness arises here, even though the model is correctly
specified. This situation arises ubiquitously in econometric inference. In any OLS
estimation, we test (among other things) whether or not the regression coefficient o
of the dependent variable y on a given independent variable z is, or is not, zero. This
estimation requires us to include in © the possibility that a; is zero. If aq is, in fact,
not zero, the Radon-Nikodym derivative will typically be unbounded.

It is straightforward to verify that this is a regular SMDP in the sense of Definition 2.4.

As the state space is not compact, we need to check the conditions under which this

91 other words, this is simply an inference problem about a Markov process, specifically an AR(1)
process, rather than a full Markov decision problem.
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example satisfies the assumptions for Theorem 2. We will see that the example
satisfies those conditions if and only if ag < 1. Note that if ag > 1, then since by # 0,
the Markov process has no stationary distribution, and hence there is no Berk-Nash
equilibrium. Note also that ay > 1 if and only if the AR(1) process has a unit root,
which implies that the usual method for estimating the parameters of the AR(1),
ordinary least squares, yields spurious results. Thus, our example has a Berk-Nash
equilibrium if and only if the AR (1) process does not have a unit root.

To see this, suppose 0 < ag < 1 (and recall that by > 0). For each n € N, let
Sn = [—n,n]; it is straightforward to see that the sequence {S, : n € N} satisfies
Assumption 1. Assumption 2 is satisfied by taking the Lyapunov function V'(s) = |s|.
It can be verified that Assumption 3 is satisfied, which establishes belief restriction®’.
We can also establish belief restriction from the fact that the SMDP is correctly
specified. We can easily modify this example to a SMDP with misspecification, in
which case belief restriction follows from Assumption 4. The payoff function is constant,
and hence satisfies Assumption 5. By Theorem 2, there exists a Berk-Nash equilibrium
for this SMDP. The Berk-Nash equilibrium is p x dp where p = N (0, %), supported
by the belief 64 4)-

Example 3.2 (Markov Decision Problem with Unit Root). We modify Example
3.1 by setting the action space X = [0, 1] and © = [0,2] x [0,1] x [-1,1]. The true
probability transition @Q(s,z) has the distribution of ags + b€ + cox, with ¢ € [—1,1],
and the payoff is 7(s,z,s') = s'.2! For every (a,b,c) € O, the transition probability
function Qp.c)(s,2) = as + b + cx. The degenerate case by = 0 is handled in the
same way as in Example 3.1.

Now suppose that by > 0. If ag > 1, then since by # 0, the Markov decision process
has no stationary distribution, and hence there is no Berk-Nash equilibrium. If ag < 1,
we restrict © to © = [0,1] x [0,1] x [—1,1], and verify that the Assumptions of
Theorem 3 are satisfied for this modified SMDP. Letting V (s) = ||s|| and S,, = [-n, n],
Eq. (2.12) is satisfied by essentially the same calculation as in Example 3.1. The payoff
function 7 clearly satisfies Assumption 6 and Assumption 8. By a similar calculation
to Example 3.1, Assumption 3 is satisfied. We can establish belief restriction from the
fact that this SMDP is correctly specified or via Assumption 4. By essentially the
same calculation as in Example 3.1, Assumption 7 is satisfied. Thus, the restricted
SMDP has a Berk-Nash equilibrium by Theorem 3.

20T Appendix C.4, we provide rigorous verification for Assumption 2 and Assumption 3.
2 contrast to Example 3.1, the action 2 affects the evolution of the state.
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When by > 0 and ay < 1, observe that the action choice z = sign ¢y?? is a dominant
strategy,” so let u be the unique stationary distribution on S induced by the action
choice signcy. When ¢y # 0, the Berk-Nash equilibrium is g X dgignc,; When ¢y = 0,
the set of Berk-Nash equilibria is u x A(X); in both cases, the Berk-Nash equilibria
are supported by the belief d(q, p,,co)- Note that, in this example, the set of closest
parameter values O, (1) = {(ao, bo, co) } for the restricted SMDP is the same as the set
of closest parameter values ©¢ () for the original SMDP. Hence, the equilibrium is a
Berk-Nash equilibrium of the original SMDP. Therefore, by Theorem 3, the problem
has a Berk-Nash equilibrium if and only if ag < 1, i.e. if and only if the problem does

not have a unit root.

Example 3.3 (Misspecified Revenue). In this example, we incorporate misspecification
in the payoff function with misspecified pricing shocks. The Markov Decision Process
is as follows. Every period, an agent observes a productivity shock z € Z = [0, 1]
and chooses an input x € X C R which results in the agent receiving a payoff of
r(z)— c(x), where c(x) = 2? is the cost of choosing z, and r(z) = 2 f(z)e where f(x)
is the production function, € is a random, independent shock to the price (which we
set as 1) distributed according to the (true) distribution d*, which has support equal
to [0,b],0 < b < oo and 0 < Eg[e] < 00.?* Therefore, the state space is given by,
(z,€) € S =10,1] x[0,b]. Let Q (2’ | 2) be the probability that tomorrow’s productivity
shock is 2/, given the current shock z and similarly, let Q%(¢’ | x) denote the transition
function for the price shock, €. We follow EP in framing the price shock € as a part
of the state variables along with the productivity shock z and define the Bellman
equation below.

V(z,e) = max/ (2f(2)e — e+ 0V (<, QA | 2) QR (de | 2)  (3.1)
[0,1]x[0,0]

T

We assume that there is a unique stationary distribution over these productivity
shocks, denoted by z ~ UJ0,1]. Next, we describe the SMDP of our environment.
The agent believes (SMDP) that f(z) = = and € ~ dy, where dy has support equal
to [0, b] where b = k6. The parameter space © and the action space X are chosen as

such to be compact.?> We assume that e follows a truncated exponential distribution,

(1/0)e= /0 , PN
dg(€) = BRI Here, the agent’s model can be misspecified if either the true
—e

2gignx = x/|x| when z # 0, sign0 = 0.

21t is weakly dominant if ¢y = 0, dominant otherwise.

24We assume that the true distribution d* satisfies conditions in Definition 2.4.
25The details are supplied in the Online Appendix.
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production function is not linear or if the true distribution of revenue shocks are not a
part of the exponential family, or if support assumed of the model transition functions
is different from the true transtion function. Given these primitives, it is easy to verify
that this is a regular SMDP in the sense of Definition 2.4. Therefore, from Theorem

1, a Berk-Nash equilibrium exists.

Example 3.4 (Optimal Savings). This example extends Example 2 of EP for a
continuum of preference shocks in an optimal consumption-savings model. The
Markov decision process consists of the following objects: A state space S = (y, z) €
Y x Z = (0,00) x [0,1], where y and z denote the wealth and preference shocks,
respectively. For each y € Y, the agent chooses z € X = [0, 1], with z representing the
fraction of y the agent chooses to save, so that the agent saves k = xy and consumes
y — k.2° The payoff function 7 is 7 (y,z,2) = zln(y — k) = zIn (y — 2y) .?" Given
the distribution of the shocks, the agent maximizes their discounted expected utility
by choosing optimal proportion of savings, . We next describe the true transition
function. Q (v/, 2’ | y, z, z) is such that 3 and 2’ are independent, " has a log-normal
distribution with mean o* + f* In(zy) + v*z and unit variance, and 2’ is uniform on
[0,1]. That is, the next period wealth, y,,1, is given by Iny, 11 = o + *Inzyy, + &4,
where ¢, = 7%z, + & is an unobserved i.i.d. productivity shock, & ~ N(0,1),~* # 0,
and 0 < 8* < 1, §3* < 1, where § € [0,1) is the discount factor.?® The Bellman
equation for this MDP is as follows.
V(y,2) = max zIn(y — ay) + SB[V (v, 2) | 2],

0<z<1

However, the agent believes (SMDP) that Iny;1 = o+ In(xy;)+¢; where e, ~ N(0, 1)
and is independent of the utility shock. Further, the agent knows the distribution
of the utility shock and is uncertain about § € © which is a compact set in R. The
subjective transition probability function Qg (v, 2’ | y, 2, x) is such that ¢’ and 2’ are
independent, ¢’ has a log-normal distribution with mean a+ § In(xy) and unit variance,
and 2z is uniform on [0, 1]. The agent has a misspecified model because she believes

that the productivity and utility shocks are independent, when in fact v* # 0. Here we

26T EP, the agent chooses how much k € [0,y] to save. Here, we recast the problem in terms of the
fraction saved in order to ensure that the action set X is compact and independent of the state.
2TWhen z = 0, we again use the standard convention that 0ln0 = 0. When z # 0, we approximate
the action space X = [0,1] by closed intervals {[0,1 — €] : € > 0}.

281t is the restriction on 0 < 8 < 1 that gives us stationarity. The detailed analysis is in the
Supplementary Appendix.
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diverge from the EP example by assuming that the preference shocks z are distributed
uniformly over [0, 1].

Following Examples 3.1 and 3.2, it is easy to see that the SMDP satisfies Defini-
tion 2.4 and given the normality of the transition probability function, Assumptions
1-3 hold. The state space is not compact, and therefore, we need to check whether
Theorem 2 or Theorem 3 applies. The payoff function is unbounded. However, it is
state-bounded and therefore, satisfies Assumption 6. Finally, Assumptions 7-8 hold as
well as illustrated in the previous example. Therefore, by Theorem 3, a Berk-Nash
equilibrium exists. We next characterize the Berk-Nash equilibrium for this instance.?

In this case, the Berk-Nash equilibrium is characterized by the optimal policy

_ . . 0.508™
function, k = a*y = A.(B™)y = (1 —68™)z + 0.563™

(0, 8%). Indeed, note that the true transition probability function @(s) has a unique

y, where there exists a ™ €

stationary measure p. So, the Berk-Nash equilibrium for this SMDP is p X 9.+,
supported by the belief d(gm).

Example 3.5 (Misspecified Costs). Our final example extends EP’s finite productivity
shocks to a continuum of shocks in the realm of a producer’s problem and closely
mirrors Example 3.3, therefore the analysis is similar. However, instead of having
unbounded support for the cost shock as in EP, we restrict it to come from a bounded
support. Consider the following Markov decision process. Every period, an agent
observes a productivity shock z € Z = [0, 1] and chooses an input z € X C R, which
results in the agent obtaining a payoff of r(x)— c(z) every period, where c¢(z) = ¢(x)e
is the cost of choosing z, r(z) = zIn(xz) where In(z) is the production function,
z is the productivity shock in [0,1] and € is a random, independent shock to the
cost distributed according to the (true) distribution d*, which has support equal to
[0,0],0 < b < oo and 0 < Ege] < 00.3° The state space S = [0,1] x [0,b],b < oo is
the support of the cost shock. The action space X and the parameter space © is

t31

chosen as such to be compact®" and the payoff function (s, z,s’) = zlnz — ¢(x). The

Bellman equation is given by:

V(z,€) = max/ (zf(x) —c + 0V (Z,)Q(d2 | 2) QF (d¢ | x) (3.2)
[0,1]%[0,b]

xz

Let @ (2’ | z) be the probability that tomorrow’s productivity shock is z’ given the
current shock z. We assume that there is a unique stationary distribution over these
29The details are given in Appendix C.

30We assume that the true distribution d* satisfies conditions in Definition 2.4.
31The details are supplied in the Online Appendix.
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productivity shocks which is uniform, U[0,1]. Similarly, let Q(¢’ | ) denote the
transition function for the cost shock, ¢’. The agent believes in a misspecified cost
function (SMDP), that is, cg(z) = we and € ~ dy, where dy has support equal to

[0,0] where b = k6, 0 < k < oco. We assume that e follows a truncated exponential
(1/9)6—(1/9)6
1 — e(=b/0)
this is a regular SMDP in the sense of Definition 2.4. Therefore, from Theorem 1, a

distribution, dy(€) = 32 Given these primitives, it is easy to verify that

Berk-Nash equilibrium exists.

4. THE NONSTANDARD FRAMEWORK

4.1. Methodological Innovation. While nonstandard analysis has been used in
mathematical economics since the 1970s, this paper relies on a new nonstandard
technique pioneered in Duanmu (2018) to extend theorems from finite mathematical
structures to infinite mathematical structures.?® Candidates for this technique have

the following properties:

e The theorem is known on a finite (or finite-dimensional) space, and
e The theorem statement does not rely heavily on the space being finite, but

e The existing proof(s) do rely heavily on the space being finite.

For results with these properties, Duanmu’s technique allows one to directly translate
the statement of the theorem without having to translate the details of the proof.
Nonstandard models satisfy three principles: extension, which associates to every
ordinary mathematical object a nonstandard counterpart called its extension; transfer,
which preserves the truth values of first-order logic statements between standard and
nonstandard models; and saturation, which gives us a powerful mechanism for proving
the existence of nonstandard objects defined in terms of finitely satisfiable collections
of first-order formulas. In a suitably saturated nonstandard model, one can construct
a single object—a hyperfinite probability space—that satisfies all the first order logical
properties of a finite probability space, but which can be simultaneously viewed as a
measure-theoretical probability space via the Loeb measure construction.

Duanmu’s technique invokes the following proof strategy:

321y the context of this particular example, the agent’s model can be misspecified if either cost
functions are nonlinear, true distribution of cost shocks are not a part of the exponential family, or if
the support assumed is incorrect.

33This paper is part of an ongoing program applying nonstandard analysis to resolve important
problems in Markov processes (Duanmu et al. (2021a), Anderson et al. (2018), Anderson et al. (2021b)
and Anderson et al. (2021c¢)), statistics (Duanmu and Roy (2021) and Duanmu et al. (2021b)) and
mathematical economics (Anderson et al. (2022) and Anderson et al. (2021a)).
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e Start with an standard infinite (e.g. measure-theoretic) object.

e Construct a [lifting, embedding our standard object in a hyperfinite object.

e Use the transfer principle to obtain the theorem for the hyperfinite object,
essentially for free.

e Use the Loeb measure construction to push down the theorem for the hyperfinite

object to obtain the result in the original standard setting.

The rest of the section proceeds as follows. After setting out some basic preliminaries
of non-standard analysis for the lay reader in Section 4.2, we turn to an overview of the
basic argumentation. Section 4.3 and Appendix C.2 start with a regular SMDP with
compact state and action spaces, embed it in a hyperfinite SMDP, transfer existing
results from EP to this hyperfinite SMDP, then conclude by a “push down" argument
to obtain a Berk-Nash equilibrium. An analogous argument is presented in Section 4.4

for a regular SMDP with a o-compact state space.

4.2. Preliminaries on Nonstandard Analysis. For those who are not familiar
with nonstandard analysis, Anderson et al. (2021a) and Anderson et al. (2022) provide
reviews tailored to economists. Cutland et al. (1995), Arkeryd et al. (1997), and Wolff
and Loeb (2000) provide thorough introductions. We use * to denote the nonstandard
extension map taking elements, sets, functions, relations, etc., to their nonstandard
counterparts. In particular, *R and *N denote the nonstandard extensions of the reals
and natural numbers, respectively. An element r € *R is infinite if |r| > n for every
n € N and is finite otherwise. An element r € *R with r > 0 is infinitesimal if r—*
is infinite. For r,; s € *R, we use the notation r ~ s as shorthand for the statement
“|r — s| is infinitesimal,” and similarly we use use r Z s as shorthand for the statement
“either r > sor r ~ s.”

Given a topological space (X, T'), the monad of a point € X is the set (7. ey *U-
An element x € *X is near-standard if it is in the monad of some y € X. We say y
is the standard part of x and write y = st(z). Note that such y is unique provided
that X is a Hausdorff space. The near-standard part NS(*X') of *X is the collection
of all near-standard elements of *X. The standard part map st is a function from
NS(*X) to X, taking near-standard elements to their standard parts. In both cases,
the notation elides the underlying space Y and the topology 7T, because the space and
topology will always be clear from context. For a metric space (X, d), two elements
x,y € *X are infinitely close if *d(x,y) ~ 0. An element x € *X is near-standard if
and only if it is infinitely close to some y € X. An element x € * X is finite if there

exists y € X such that *d(x,y) < oo and is infinite otherwise.
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Let X be a topological space endowed with Borel o-algebra B[X]| and let M(X)
denote the collection of all finitely additive probability measures on (X, B[X]). An
internal probability measure p on (*X,*B[X]) is an element of *M(X). The Loeb
space of the internal probability space (* X, *B[X], i) is a countably additive probability

space (*X,*B[X], ) such that

*B[X] ={A C*X|(Ve > 0)(3A;, A, € "B[X])(A; T AC Ay Au(A\ 4;) <€)}
(4.1)

and

(A) = sup{st(u(A;))|A; C A, A; € *B[X]} = inf{st(u(A,))|4, D A, A, € *"B[X]}.
(4.2)

Every standard model is closely connected to its nonstandard extension via the
transfer principle, which asserts that a first order statement is true in the standard
model if and only if it is true in the nonstandard model. Given a cardinal number &,
a nonstandard model is called k-saturated if the following condition holds: let F be a
family of internal sets, if F has cardinality less than x and F has the finite intersection
property, then the total intersection of F is non-empty. In this paper, we assume
our nonstandard model is as saturated as we need (see e.g. Arkeryd et al. (1997,
Thm. 1.7.3) for the existence of k-saturated nonstandard models for any uncountable
cardinal k).

The concept of “push-down,” through which a standard object is constructed from
a nonstandard object, is at the heart of nonstandard analysis and will be employed in
the proofs of our theorems.

Definition 4.1. Let Y be a Hausdorff space endowed with Borel o-algebra B[Y]. Let
P be an internal probability measure on (*Y,*B[Y]). The push-down measure of
P is defined to be a standard measure P, on (Y, B[Y]) such that P,(A) = P(st™'(A))
for all A € B[Y].

The following lemma from Duanmu and Roy (2021, Lemma. 6.1) shows that if the
underlying space is compact, then the push-down of an internal probability measure

is a standard probability measure.

Lemma 4.2. Let Y be a compact Hausdorff space endowed with Borel o-algebra B[Y].
Let P be an internal probability measure on (*Y,*B[Y]). Then P, is a probability

measure on (Y, B[Y]).
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We first provide the existence result and then provide the existence result for the
compact space. It is straightforward to verify that regular-SMDPs with finite state
and action spaces, as defined in EP, are regular in the sense of Definition 2.4. EP’s

Theorem 1 proves the following result.

Theorem 4.3 (EP). Suppose ((S, X, q, Q,7,6), Qo) is a reqular-SMDP such that
(1) The state space S and the action space X are both finite;

(2) The parameter space is a compact subset of Euclidean space.

Then there exists a Berk-Nash equilibrium.

Note that every finite set can be embedded into a Euclidean space. Thus, the

following finite result is an immediate consequence of Theorem 4.3.

Lemma 4.4. Suppose ((S, X, qo,Q,m,0), Qo) is a reqular-SMDP such that the state
space S, the action space X and the parameter space © are finite. Then there exists a

Berk-Nash equilibrium.

4.3. Existence of Equilibrium with Compact State Space. In this section, we in-
troduce a hyperfinite Markov decision process and use it to give a proof outline for Theo-
rem 1. Throughout this section, We work with a regular SMDP ((S, X, qo, @, 7, ), Qo)
with a compact state space S. We first give the definition of a hyperfinite representation

of compact metric spaces.

Definition 4.5. Let (Y, d) be a compact metric space with Borel o-algebra B[Y]. A
hyperfinite representation of Y is a tuple (Ty, { By (t) }+er, ) such that

(1) Ty is a hyperfinite subset of *Y and Y is a subset of Ty;

(2) t € By(t) € *B[Y] for every t € Ty;

(3) For every t € Ty, the diameter of By (t) is infinitesimal;

(4) For every t € Ty, By (t) contains an *open set;

(5) The hyperfinite collection {By(t) : t € Ty )} forms a *partition of *Y.

For every y € *Y, we use t, to denote the unique element in 7y such that y € By (¢,).

The next result from Duanmu et al. (2021a, Thm. 6.6) guarantees the existence of a

hyperfinite representation when the underlying space is a compact metric space.

Lemma 4.6. Let Y be a compact metric space with Borel o-algebra B[Y]. Then there
exists a hyperfinite representation (Ty,{By (t) }ier, ) of Y.
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A hyperfinite Markov decision process is a *Markov decision process where the state
and action spaces are hyperfinite. We construct a hyperfinite Markov decision process
(HMDP) from the Markov decision process (S, X, qo, Q, 7, 0):

(1) Let (Ts,{Bs(s)}sers) and (T'x,{Bx(z)}zesy) to be two hyperfinite represen-
tations of S and X, respectively, as in Lemma 4.6. T is the hyperfinite state
space and Tx is the hyperfinite action space;

(2) Define ho({s}) = *qo(Bs(s)) for every s € Ts. Note that hy is an internal
probability measure on Ts. hy denotes the initial distribution of states;

(3) Forevery s, s’ € Ts,x € Tx,let Q(s,z)(s") = *Q(s,z)(Bs(s')) and Q(s, z)(A) =
Y wea Q(s,2)(s") for all internal A C Ty. We write Q(Als, x) for Q(s,x)(A).
Then, Q : Ts x Tx — *A(Ts) is an internal transition probability function;

(4) Define IT : Tg x Tx X Ts — *R to be the restriction of *m on Ts x Tx x Ts. 11
denotes the hyperfinite per-period payoff function;

(5) The discount factor ¢ remains the same as in Definition 2.1.

Every hyperfinite Markov Decision Process has the same first-order logic properties
as a finite Markov Decision Process. By the transfer principle, *Qg is an internal family
of internal transition probability functions. Let (Te,{Be(f)}scr,) be a hyperfinite
representation of ©. By Definition 4.5, Bg(6) contains an *open set for all 6 € Tg.
Thus, we have Bg(f) N “© £ 0 for all # € To. So, without loss of generality, we
can assume Ty C *©. For every 0 € Tg, every s,8 € Tg and every z € Ty,
define Qg(s,z)(s") = *Qy(s,2)(Bs(s")) and let Qq(s,x)(A) = > c4 Qo(s,x)(s") for
all internal A C Ts. We sometimes write Qg(A|s, z) for Qg(s,x)(A). The family
1, ={Qp : 0 € To} is an internal family of internal transition probability functions.
The tuple ((Ts,Tx,ho, Q,11,0), Z2r,) is a Hyperfinite Subjective Markov Decision
Process (HSMDP), which has the same first-order logic properties as a finite SMDP.
The agent’s problem can be cast recursively as

V(t) = max Y {II(s,z,5') + 6V(s')}Q(s']5, ) (4.3)

velx s'€Ts

where V : T — R is the unique solution to the hyperfinite Bellman equation.
Definition 4.7. An action x is *optimal given s in the HMDP(Q) if

v € argmax Y _{TI(s, &,) + 6V(s)}Q(s'|s, 2) (4.4)

2€lx s'eTg
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Furthermore, an action z is S-optimal given s in the HMDP(Q) if
> A1I(s,2,8) + 0V(s)}Q(s']s, ) ~ max y {II(s, 7, 5) + 0V(s)}Q(s']s, 2).

s'e€Ts 2€TX s'eTs
(4.5)
Clearly, *optimality implies S-optimality. We now introduce the concept of hyperfi-
nite weighted Kullback-Leibler divergence.

Definition 4.8. The hyperfinite weighted Kullback-Leibler divergence is a mapping
K@ : *A(TS X Tx) X Tg — *RZO such that for any m € *A(TS X Tx) and 0 € Tg:

Kom6) = 3 Bouun) (o) mllso)). (10

!/
(s,2)ETsXTx QG(S |S7 l’)

The set of closest parameter values given m € *A(Ts x Tx) is the set

TE(m) = arg min Kg(m, 0). (4.7)
0cTo
The set of almost closest parameter values given m € *A(Ts x Tx) is the external set
TE(m) = {0 € Te : Kg(m, ) ~ min Kg(m, 6)}. (4.8)
0cTo

Note that Qy(s'|s,z) = 0 implies that Q(s'|s,z) = 0 for all § € Ty, (s,z,5) €
Ts x Tx x Ts. Hence, the hyperfinite relative entropy, Eq(.|s.2) [ln (M)}, is well-

@9(8/‘871‘)
defined. If Q(s'|s,z) = 0, then the corresponding term is interpreted as 0. Note that

the hyperfinite relative entropy is always non-negative. By transferring the finite

existence result in Lemma 4.4, we have the following theorem.
Theorem 4.9. The hyperfinite Markov decision process

((Ts, Tx, ho, Q,11,0), Z1,) (4.9)
has a hyperfinite Berk-Nash equilibrium. That is, there exists some m € *A(Ts x Tx)
and some hyperfinite belief v € *A(Tg) such that

(1) Optimality: For all (s,x) € Ts X T such that m({(s,z)}) > 0, x is *optimal

given s in the HMDP(Q, ), where Q, = > vero Qav({0});
(2) Belief Restriction: We have v € *A(Tg(m));

(5) Stationarity: mry({s'}) = 3, pyersxry QS |s, 2)m({(s,2)}) for all s" € Ts.

By Lemma 4.2, m, and v, are probability measures on S x X and ©, respectively.**
To show that m,, is a Berk-Nash equilibrium for the SMDP, we introduce the following

34These are the push-down of the internal probability measures.
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definition of a Berk-Nash S-equilibrium, which is more general than hyperfinite Berk-

Nash equilibrium.

Definition 4.10. An internal probability distribution m € *A(Tg x Tx) is a Berk-
Nash S-equilibrium of the hyperfinite SMDP((Ts, Tx, ho, Q, I, 0), 21, ) if there exists
a hyperfinite belief v € *A(Tg) such that
(1) S-Optimality: For all (s,z) € Ts x Tx such that m({(s,z)}) > 0, x is
S-optimal given s in the HMDP(Q, ), where Q, = > ver, Qov({0});
(2) S-Belief Restriction: The support of v is a subset of T3(m);
(3) S-Stationarity: For all internal A C T&s:

m(A) xS Qs @)m({(s,2)}). (4.10)
(s,x)GTs XTx
Theorem 4.11 then connects the Berk-Nash S-equilibrium to Berk-Nash equilibrium
for the hyperfinite SMDP. The proof is provided in the Appendix.

Theorem 4.11. Let m € *A(Ts x Tx) be a Berk-Nash S-equilibrium for the hyperfinite
SMDP ((Ts,Tx,ho,Q,11,6), 21,) with the associated hyperfinite belief v € *A(Tp).

Then m,, is a Berk-Nash equilibrium with the associated belief v,.

Finally, Theorem 1 is then an immediate consequence of Theorem 4.11.

Proof of Theorem 1. By Theorem 4.9, let m be the hyperfinite Berk-Nash equi-
librium for the hyperfinite SMDP with the associated hyperfinite belief v. Clearly,
every hyperfinite Berk-Nash equilibrium is a Berk-Nash S-equilibrium. The result
then follows from Theorem 4.11 and this completes the proof. O

4.4. Existence of Equilibrium with Sigma-Compact State Space. In this sec-
tion, we work with a regular SMDP M = ((S, X, qo, @, 7, 9), Qo) but with a o-compact
state space and compact action and parameter spaces. As opposed to approximating
M with truncations, nonstandard analysis provides an elegant alternative approach

7k

by using a single nonstandard SMDP with a “large” *compact state space to represent
the M. The nonstandard SMDP can also be viewed informally as the limiting object
of a sequence of truncated SMDPs.

We extend the sequence {.S,, },,en in Assumption 1 to an internal sequence {*S,, },exn.
By the transfer principle, *S,, is a *compact set for all n € *N. Pick some N € *N\ N.
As {S, }nen is a sequence of non-decreasing sets, we have *S,, C *Sy for all n € N|

which implies that NS(*S) C *Sy. In other words, the state space S is a subset
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of *Sy. The nonstandard subjective Markov decision process (NSMDP) M7 =
(("Sn,* X, ¢, " QN *1n, 6), *QN ) is defined as:

(1) The *state space is *Sy, endowed with *Borel o-algebra *B[*Sy];

(2) The action space is *X, endowed with *Borel o-algebra *B[*X];

(3) The parameter space Ty is the hyperfinite representation of © chosen in
Definition 4.5. Note that Ty C *@;

(4) *q) (A) = 25 for all A € *B[*S];

(5) *QY : *Sy x *X — *A(*Sy) is the *transition probability function defined as
QN (s,2)(A) = % for all A € *B[*Sy];

(6) *m, : *Sy x *X x *Sy — *R is the restriction of *m to *Sy x *X X *Sy;

(7) the discounting factor 0 remains the same;

(8) For every 0 € Te, *Q} : *Sn x *X — *A(*Sy) is the *transition probability
function defined as *Qj (s, z)(A) = Q?E’S(S+ for all A € *B[*Sy]. Let
“QNrp, = {*Qév 10 €To}.

Under Assumption 1, every truncation of M is a regular SMDP and has a Berk-Nash

equilibrium. Therefore, from the transfer principle, we have the following result.

Theorem 4.12. Suppose Assumption 1 holds. Then M?@ 15 *reqular and has a
hyperfinite Berk-Nash equilibrium.

The Proofs of Theorem 2 and Theorem 3. By Theorem 4.12, MTO has a Berk-
Nash *equilibrium m with the associated *belief function v on *©. By Assumption 2,
m,, is a probability measure on S x X. Let m be the hyperfinite Berk-Nash equilibrium
for M}, with the associated hyperfinite belief v € *A(Tg). Then, we have

m*S(A):m*SN(A):[S QY (Als,)m(ds. o (4.11)

for all A € *B[*Sy]. Thus, m is an element of *R, where R is the set in Assumption 2.
Under Assumption 2, m+-g(st™*(S)) = 1, hence the push down m, is a probability
measure on S x X. As O is compact, by Lemma 4.2, v, is a probability measure
on O. In order to prove Theorems 2 and 3, therefore, it is sufficient to show that
my, is a Berk-Nash equilibrium for the regular SMDP M with the belief v, on ©.
The stationarity of m, follows from Theorem A.27 in the Appendix. In a series of
Theorems A.31-A.33, we establish belief restriction for v, under the assumptions of
a correctly specified SMDP, uniform integrability (Assumption 3) and uniqueness
(Assumption 4), respectively. Finally, for a bounded payoff function, optimality follows

from Theorem A.37, thus proving Theorem 2. For unbounded payoff function as
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considered in Assumption 6, optimality follows from Theorem A.45, hence proving
Theorem 3. 0

5. DISCUSSION

This paper uses a novel technique in nonstandard analysis to extend the existence
results for Berk-Nash equilibrium from finite state and action spaces to sigma-compact
state and compact action spaces, thereby allowing coverage of a wide range of natural
examples in macroeconomics, microeconomics, and finance. This paper suggests the

following promising directions for future work:

(1) The paper, like EP, considers a single-agent environment. In future work,
we hope to extend these results to the case of multiple agents, in particular
recursive equilibrium frameworks in macroeconomics Molavi (2019);

(2) Theorem 4 in the online appendix provides a possible learning foundation
for SMDPs with compact state and action spaces. Unfortunately, it relies
on an implausibly strong condition, convergence in the total variation norm
on measures. It is of great interest to develop a learning foundation under a
weaker convergence condition such as convergence in the Prokhorov metric.
This may have further implications for environments that are characterized by

slow learning as in Frick et al. (2020).

A. APPENDIX A. PROOFS

In this appendix, we present proofs that are omitted from the main body of the
paper. Most of the proofs make heavy use of nonstandard analysis for which notations

are introduced in Section 4.2.

A.1. Proof of Theorem 1. In this appendix, we provide a rigorous proof to The-
orem 4.11, thereby completing the proof of Theorem 1. The following two lemmas
are key to prove the existence of a hyperfinite Berk-Nash equilibrium in Theorem 4.9.
The first lemma follows from the fact that Ty is hyperfinite.

Lemma A.1. Suppose ((S,X,qo,Q,m, ), Qo) is a reqular-SMDP. Then, for all

(s,z,8") € Ts x Tx X Ts, the function Qgy(s'|s,x) is *continuous function of 6.

Lemma A.2. Suppose ((S,X,q, @, 7, 0d), Qo) is a reqular SMDP. Then, for all
0 € To, Qu(s'|s,x) >0 for all (s,s',x) € Ts x Tg x Tx such that Q(s'|s,z) > 0.
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Proof. Pick some 0 € Tg and (s,s',x) € Ts x Ts x Tx with Q(s'|s,z) > 0. Note
that Q(s'|s,z) = *Q(s,z)(Bs(s')). As Te C *©, by the transfer principle, we have
*Qp(s,2)(Bs(s")) > 0. As Qy(s'|s,x) = *Qy(s,z)(Bs(s")), we have the result. O

Proof of Theorem 4.9. Note that Ty is a hyperfinite set. Then the result follows

from Lemma A.1, Lemma A.2 and the transfer of Lemma 4.4. O

Next, we divide the proof of Theorem 4.11 into the three subsections (A.1.1-A.1.3),
thus establishing stationarity, optimality and belief restriction of the candidate Berk-

Nash equilibrium (m,,, v,), respectively.

A.1.1. Stationarity. Recall that (m,)s denotes the marginal measure of m, on S.
In this section, we establish the stationarity of (m,)s. We use my, to denote the

marginal measure of m on Tg.
Lemma A.3. For any A € B[S], (mry),(A) = (my)s(A).

Proof. We have (myy),(A) = Tzg (st (A) N Ts) = m((st'(A) N Ts) x Tx) for every
A € B[S]. On the other hand, we have (m,)s(A4) = m,(A x X) =m((st™(A)NTs) x
Tx) for all A € B[S]. Hence, we have the desired result. O

Lemma A.4. Let A be a (possibly external) subset of Ts. Suppose there exists a
sequence { Ay, : k € N} of non-decreasing internal subsets of Ts such that |J,cy Ax = A.
Then irg(A) = [1, r Qs,2)(AN Ts)m(ds, dz)

Proof. By the continuity of probability, we have mrg(A) = lim,_, . m7g(Ag). For each
k € N, by the S-stationarity of m, we have
I (Ay) ~ / Qs, 2)(Ap)m(ds, dz) ~ / Qs ) (A )m(ds, dz). (A1)

TS ><TX TS ><TX

Thus, we have mrg(A) = lim,_, fTsxTX Q(s, x)(Ag)m(ds,dz). The result then follows

from the dominated convergence theorem. 0

To complete the proof, we need to make a topological assumption on S. We start

with the following definition.

Definition A.5. A 7-system on a set €2 is a non-empty collection P of subsets of ()

that is closed under finite intersection.

Lemma A.6 (The Uniqueness Lemma). Let (€2, X) be a measure space with ¥ generated
from some mw-system I1. Let p and v be two probability measures that agree on 1I.

Then i and v agree on 3.
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Assumption 9. There exists a m-system F on S that generates B[S] such that,
for every A € F, st™*(A) = U,y Ar for some sequence {4y, : k € N} C *B[*S] of

(non-decreasing) sets.

Although Assumption 9 is stated in nonstandard terminology, it is satisfied by many
standard topological spaces. In fact, all metric spaces which are endowed with the

Borel o-algebra satisfy Assumption 9.

Theorem A.7. Let Y be a metric space endowed with the Borel o-algebra B[Y']. Then
(Y, B[Y]) satisfies Assumption 9.

Proof. Let F be the m-system generated by the collection of open balls. Clearly, F
generates B[Y]. Let B(a,n) be an open ball centered at a with radius 7. For each
n € N, let C,, be the closure of B(a,n — +). Then, we have st™!(B(a,n)) = U,y *Ch-
Pick some U € F. Then U = (),., U; for some n € N, where U; is an open ball
for all i < n. For each i < n, there is a sequence {A% : k € N} C *B[*Y] such
that st™"(U;) = Upey 4f- Then U equals to the union of the countable collection
{Nicn AL, = K1y ko, by € N} O

Lemma A.8. (m,)s(A) = fTsxTX Q(s,z)(st™'(A) N Ts)m(ds, dx) for all A € B[S].

Proof. By Theorem A.7, let F denote the m-system in Assumption 9. By Lemma A.3,
we have (my)s(A) = (mry),(A) = Mg (st~ (A) N Ts) for every A € B[S]. Pick some
B € F. By Assumption 9, there is a sequence { By : k € N} C *B[*S] of non-decreasing
sets such that st™!(B) = [J,cy Br- By Lemma A.4, we have

(my)s(B) =mrg (st (B)NTs) = / Q(s, z) (st (B) N Ts)m(ds,dz). (A.2)

TS XTX

For every A € B[S], define P(A) = [, Q(s,2)(st™'(A) N Ts)m(ds,dw). It is
straightforward to verify that P is a well-defined a probability measure on (S, B[S]).
As (my)s and P agree on F, by Lemma A.6, we have the desired result. O

Next, we quote the following results from nonstandard analysis which will be used

for the subsequent proofs.

Theorem A.9 (Anderson (1982, Prop. 8.4)). Let Y be a compact Hausdorff space en-
dowed with Borel o-algebra B[Y], let v be an internal probability measure on (*Y,*B[Y]),
and let f 'Y — R be a bounded measurable function. Define g : *Y — R by

g(s) = [(st(s)). Then we have [ f(y)vp(dy) = [ g(y)7(dy).
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Theorem A.10 (Anderson and Rashid (1978, Corollary. 5)). Let Y be a compact
Hausdorff space endowed with Borel o-algebra B[Y], let {P,}n,en be a sequence of
probability measures on (Y,B[Y]). Then the sequence {P,},en converges weakly to
a probability measure P on (Y,B[Y]) if and only if P(A) = *Px(st™'(A)) for all
A€ B[Y] and N € *N\ N,

Recall that we assume the mappings (s,z) — Q(s,x) and (0, s,z) — Qq(s, x) are
continuous in the Prokhorov metric. By Theorem A.10, we have the following result:

Lemma A.11. For every (s,x) € Ts x Tx, every 0 € Ty and every A € B[S],
we have Q(st(s),st(z))(A) = Q(s,z)(st™*(A) N Ts) and Qs (st(s),st(x))(A4) =
@9(8,17)(5'[71(14) M TS)

Proof. Pick (sg,x9) € Ts x Tx, 0y € Te and Ay € B[S]. By Theorem A.10, we

have Q(st(so),st(x0))(Ag) = *Q(s0, o) (st (Ap)) and Qst(ay) (st(s0),st(20))(Ao) =
*Qg, (50, 20) (st 71 (Ag)). As st™1(Ag) = [{Bs(s) : s € st™1(Ay) N Ts}, by construction,

we obtain the desired result. O

We now prove the main result of this section:
Theorem A.12. = [ox Q(Al|s, z)my(ds, dz) for every A € B[S].

Proof. By Lemma A.8, we have (m,)s(A) = fTsxTX Q(s,x)(st™1(A) N Ts)m(ds, dx)
for all A € B[S]. Thus, it is sufficient to show that

SxX

/ Q(s, 7) (st (A) N Ts)m(ds,dr) = Q(s,x)(A)m,(ds,dz). (A.3)
T5><TX
This follows from Theorem A.9 and Lemma A.11. O

A.1.2. Belief Restriction. Recall that v is the hyperfinite belief as in Theorem 4.9.
As © is compact, v, is a well-defined probability measure on ©. In this section, we
show that the support of v, is a subset of ©g(m,). We start with the following result,
which is closely related to Zimmer (2005), on hyperfinite representation of density

functions.

Theorem A.13. For all 0 € Ty, all (s,z,5") € Ts x Tx x Tg such that

(1) Qy(s'|s,z) > 0;
(2) Q(st(s),st(x)) is dominated by Qsyo)(st(s),st(z));
(3) Dsyo)(st(s')|st(s),st(x)) is finite.

Then, we have % ~ Dqy(g)(st(s")[st(s),st(x)).
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Proof. Pick some 6y € To, some (sq, o, si) € TsxTx x Tg that satisfy the assumptions
of the theorem. As T C *0, by the transfer principle, we have

Q(shls0, 20) = *Q(50. 70) (Bs(s)) = / “ Dao (4150, 70)" Qay (dyls0, 70).  (A4)

Bs(s()

We also have Q(sg|so, o) = st(s’) M*ng(dmgg,mo). Note that the density
0

Qo (5p150570
function Dy(s'|s, x) is jointly continuous on {(0, ¢, s, z) : Q(s, x) is dominated by Qy(s, z)}

and Dgy(gy) (st(sf)[st(so),st(zo)) is finite. Thus, we have *Dg, (y|so, 29) = Qso|s0.x0)

™ Qo (shls0,20)
Q(sh|s0,x
et o Doy (st()Ist(s0), 5t(xo) ),
completing the proof. O

for all y € Bg(s;). Hence, we conclude that

We now introduce the notion of S-integrability from nonstandard analysis.

Definition A.14. Let (€2, A, P) be an internal probability space and let F': Q — *R
be an internally integrable function such that st(F') exists P-almost surely. Then F is
S-integrable with respect to P if st(F) is P-integrable, and [ |F|dP ~ [st(|F|)dP.

We now show that the hyperfinite Kullback-Leibler divergence is infinitely close to
the standard Kullback-Leibler divergence. Recall that ©,, = {# € © : Kg(m, ) < oo}
for m € A(S x X). Note that © C ©,, for all m € A(S x X).

Theorem A.15. Let \ be an element of *A(Ts x Tx). Then, we have
(1) Kg(X, 0) £ Ko(Ap,st(0)) for all 0 € Te such that st(0) € ©,,;
(2) Kg(\, 0) = Kq(\p,st(h)) for all 0 € To such that st(d) € ©.

Proof. Pick 6 € Ty such that st(0) € O,,. As Kg()p,st(f)) < oo, this implies that
Q(s, ) is dominated by Qs (s)(s, ) for A,-almost all (s,z) € S x X. The proof of the
theorem relies essentially on the following claim which is proved in the supplementary
material, C.1.

Claim A.16. For every (s,x) € Ts x Tx such that Q(st(s),st(z)) is dominated by
Qst(0)(st(s),st(z)), Eg(se) [ln (&fs,“s&%)} ~ Eq(jst(s)st(@) [In (Dsto) (8']st(s), st(z)))].

Define g : S x X — R to be g(s,z) = Eqg((sz) [In (Dso)('|s, 2))] for all (s,z) €
S x X such that Q(s,z) is dominated by Qs (s,z) and g(s,z) = 0 otherwise.
For each n € N, define g, : S x X — R to be g¢,(s,z) = min{g(s,z),n}. As
Kg(Ap,st(f)) < oo, we conclude that Kg(Ap,st(0)) = lim,_, [ ga(s, )N\, (ds, dx).
Note that each g, is a bounded measurable function. Similarly, we define G : Tg X

Tx — *R to be G(s,2) = Eg(s) [ln (&((S;st?))] For each n € N, let G,, : Ts X
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Tx — *R be G,(s,z) = min{G(s,z),n}. By Claim A.16 and Theorem A.9, we
have [ p Gn(s,2)A(ds,dx) = [g y gn(s,7)Ap(ds,dz) for all n € N. Note that
Ko(A,0) > lim,,_, fTsxTX Gp(s,z)A(ds,dz). Thus, we have Kg(A,0)  Kg(Ap,st(6)).

For the special case that st(d) € O, by Arkeryd et al. (1997, Section 4, Corol-
lary 6.1) and Claim A.16, G is S-integrable with respect to A. Then, Kg(A,0) ~
lim,,_, fTsxTX Gn(s,z)\(ds, dz) follows from Arkeryd et al. (1997, Section 4, Theorem
6.2). Hence, Kg(A,0) =~ Kg(\p,st(#)) when st(f) € ©. O

We now prove the main result of this section.
Theorem A.17. The support of v, is a subset of ©g(m,).

Proof. Pick 6y € © such that 6 is in the support of v,. As v,(A4) = v(st™!(A)) for
all A € B[©], by Theorem 4.9, there exists #; ~ 6, such that 6, € T2(m). That
is, we have Kg(m,t1) ~ ming.r, Kg(m, ). Suppose there exists 8’ € © such that
Kqo(my,0') < Kg(my,0) — £ for some n € N. Note that Kg(m,,0) is a continuous
function of 6 on ©,,,. As 6c O, and O is a dense subset of ©, there exists some
0 € © such that Kq(my,0) < Ko(m,,6)) — 5. Let t; € To be the unique element
such that 0 € Be(t;). By Theorem A.15, we have

R 1 1
Ko(m, t5) = Kq(my, 0) < Kq(my, 6) — 5~ < Ko(m, 01) — o (A.5)

This is a contradiction, so the support of v, is a subset of Og(m,,). O

A.1.3. Optimality. In this section, we establish the optimality of the candidate

Berk-Nash equilibrium m,.

Lemma A.18. For every A € "A(To) and every (t,z) € Ts x Tx, (Qu(t, 7)), =
Qx, (st(t),st(x)). That is, the push-down of Qx(t, ) is the same as Q, (st(t),st(z)).

Proof. Fix A € *A(Te) and (t,x) € Ts x Tx. Pick A € B[S]. By the construction of
the Loeb measure, we have
(Qu(t,2)),(A) = Qa(t, z) (st (A) N Ts) = Qi(t, z)(st™H(A) N Ts)A(di). (A.6)
Se

By Lemma A.11, we have Qu;)(st(t),st(z))(A) = Q;(t,z)(st™"(A) NTs) for all i € To.
Thus, by Theorem A.9, we have

Qi(t, x) (st (A) N Ts)A(di) = /@ Qo(st(t),st(x))(A)A,(d0) = Qx, (st(t), st(x))(A).
(A.7)

To
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Hence, we have the desired result. [l

Recall that v € *A(Tp) is the hyperfinite belief function that associates with the
Berk-Nash S-equilibrium m. We consider the Bellman equation
V(s) = max/{w(s, z,5") 4+ 6V (s')}Q,, (ds'|s, ). (A.8)
xeX JS
By the Banach fixed point theorem, there exists an unique V' € C[T] that is a solution
to this Bellman equation. We fix V' for the rest of this section.
Similarly, we consider the hyperfinite Bellman equation
V(s) = max [ {I(s,z,5)+0V(s)}Q,(ds|s, ) (A.9)
zeTx Ts
where V : Ts — R is the unique solution to the hyperfinite Bellman equation. The
existence of such V is guaranteed by the transfer principle. We fix V for the rest of
this section. Define V' : *S — *R by letting V'(s) = V(t,) for all s € *T", where t; is
the unique element in T such that s € Bg(t).

Lemma A.19. For all s € *S, V'(s) = *V(s).

Proof. Let Vj be the restriction of *V on Ts. For all (s,z) € Ts X Tx, by Lemma A.18
and Theorem A.9, we have

i {l(s,z,s") +6Vo(s)}Q,(ds']s, x) (A.10)
~ /S{ﬁ(st(s),st(x),s') + 6V (s')}Qu, (ds'|st(s), st(x)). (A.11)
Hence, we have
néz;:x . {l(s,x,s") +6Vo(s)}Q,(ds']s, z) (A.12)
~ max /5 {n(st(s), st(x), ') + 6V ()} D, (ds'|st(s), st(z)) (A.13)
= V(st(s)) = Vu(s) (A.14)

Let G(f)(s) = max,cp, fTS{H(s, x,8)+6f(s)}Q,(ds|s, x) for all internal function
f:Ts — *R. Note that we have *ds., (G(f1), G(f2)) < 0*dsup(fi1, f2) for all internal
functions fi, fo : Ts — *R. Moreover, we can find V as following: start with V4 and
define a sequence {V;,},esn by Va1 = G(V;,). Then V is the *limit of {V}, },e«n. So:

*dSUPG/OaV) < —*dsup(‘/la %) ~ 0. (:\15)
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As V is continuous, we conclude that V'(s) &~ *V(s) for all s € *S. O
We now prove the main result of this section.

Theorem A.20. For every (s,z) € S x X that is in the support of my,, x is optimal
given s in the MDP(Q,, ).

Proof. Pick some (s,z) € S x X in the support of m,. Then there exists some
(a,b) € Ts x Tx such that (a,b) ~ (s,2) and m({(a,b)}) > 0. As m is a Berk-Nash
S-equilibrium, b is S-optimal given a in HMDP(Q,). That is, we have

{Ti(a,b,s") + 6V (s')}Q, (ds'|a,b) =~ max [ {TI(a,y,s) +6V(s)}Q,(ds']a,y).
Ts yeTlx JTg

(A.16)
By Lemma A.19, Lemma A.18 and Theorem A.9, we have

{Il(a,y, s') + 6V(s)}Q,(ds |a,y) /{7T ,st(y),s’) + 0V (s )}Q,,p(ds'|s,st(y))
(A.17)

Ts

for all y € Tx. Thus, we have x € argmax; .y [({7(s,2, ) + 0V (s)}Q,, (ds']s,2),
which implies that z is optimal given s in the MDP(Q,, ). O

We now furnish the proof of Theorem 4.11 which concludes the proof of Theorem 1.

Proof of Theorem 4.11. Let m € *A(Ts x Tx) be a Berk-Nash S-equilibrium with
the associated hyperfinite belief v € *A(Tg) for the hyperfinite SMDP. By Theo-
rem A.20, Theorem A.17 and Theorem A.12, m, is a Berk-Nash equilibrium for the
regular SMDP with associated belief function v,. 0

A.2. Proofs of Theorems 2 and 3. For every n € N and every finite ©' C 0, we
denote the truncation by MJ,.

Lemma A.21. Suppose Assumption 1 holds. Then, for every n € N, the mappings
(s,x) = Q"(s,x) and (0, s,x) — Q}(s,x) are continuous in Prokhorov metric.

Proof. Let (S, Tm)men be a sequence of points in S,, x X that converges to some
point (s,x) € S, X X. Let A be a continuity set of Q" (s,x). As S, is a continuity set
of Q™(s,z), A is a continuity set of Q(s,x). Thus, we have

im Q"(sm,x = lim Qsm, 7m) () = Qs,2)(4)
i @) A= I e 2)(S) Qs 2)(Sw)

Thus, the mapping (s, z) — Q" (s, x) is continuous in Prokhorov metric. By the same

=Q"(s,z)(A). (A.18)

argument, the mapping (0, s,z) — Q}(s,x) is continuous in Prokhorov metric. O
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Lemma A.22. Suppose Assumption 1 holds. For every n € N, Q" (s, x) is dominated
by Q(s,x) for all @ € © and all (s,z) € S, x X.

Proof. Pick n € N, § € © and (s,z) € S,, x X. Pick some A € B[S,] such that
Qy(s,x)(A) = % = 0. This implies that Qg(s,z)(A) =0. As§ € ©' C O, we
have Q(s,x)(A) = 0, which implies that Q"(s,z)(A) =0 O

For every n € N, § € ©" and every (s,z) € S, x X, we use Dy, (|s,z) to denote
the density function of Q" (s, x) with respect to Qj (s, x).

Lemma A.23. Suppose Assumption 1 holds. For everyn € N and 0 € ©', Dy ,.(s'|s, z)
is a jointly continuous function of s', s and x.

Proof. Pick n € N and 6 € ©'. For any A € B[S,] and any (s,z) € S, x X, we have

Q" (5, 2)(A) = Dy(s'|s, x) Dy(s'|s, x)

=y Qs.a)8) @) = | o6 S,

Qo(s,7)(Sn) Qg (s, 2)(ds).
(A.19)

So Dyp(s'|s, ) = D152 0 (s 2(S,,). Note that Q(s, 2)(S,) > 0 and Qg(s, 2)(S,) >

Q(5,x)(Sn)
0, and S, is a continuity set for both Q(s,z) and Qg(s,z). Thus, Dy, (s'|s,x) is a
jointly continuous function of &', s and . O

As ©' is finite, S, and X are compact, by Lemma A.23, Dy, (s|s, ) is bounded.
Hence, Item 5 of Definition 2.4 is automatically satisfied for the SMDP MF,. Moreover,

the payoff function m, is continuous on 5,, x X x S,,. Hence, by Theorem 1, we have

Lemma A.24. Suppose Assumption 1 holds. For everyn € N and every finite ©' C o,
the SMDP MJ, is reqular and has a Berk-Nash equilibrium.

Theorem 4.12 then follows from the transfer of Lemma A.24. Let m € *A(*Sy x *X)
denote the Berk-Nash *equilibrium of M]Tve, with the associated *belief v. Assumption 2
guarantees that the push-down, m,, of m is a probability measure on A(S x X).
To show that m, is a Berk-Nash equilibrium for the original SMDP M with the
associated belief function v, we break the proof into three subsections (A.2.1-A.2.5)

which establishes stationarity, optimality and belief restriction, respectively.

A.2.1. Stationarity. In this section, we show that m,, satisfies stationarity. Using

essentially the same argument as in Lemma A.8, we have the following result.

Lemma A.25. For all A € B[S], (my)s(A) = [.o . Q" (s,z)(st™ (A))m(ds, dz),

where (my,)s denote the marginal measure of m, on S.
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Lemma A.26. For every (s,z) € NS(*S) x *X, every 0 € Tg and every A €
B[S], we have Q(st(s),st(z))(A) = *Q" (s,z)(st™1(A)) and Qs (st(s),st(x))(A) =
“Qp (s,2)(st™!(A)).

Proof. Pick some (sg,z) € NS(*S) x*X, some 6 € Te and some Ay € B[S]. By Theo-

rem A.10, we have Q(st(so), st(z0))(Ao) = *Q(s0, z0)(st™ (Ap)). As*Q™ (s0, 70)(*Sn) ~
1, we have Q(st(sg),st(z0))(Ag) = *Q" (s0, 20) (st (Ap)). By the same argument, we

have Qs(ao) (st(s0), st(z0))(Ao) = *Qpr (80, o) (st (Ap)). O

Theorem A.27. Suppose Assumption 1 holds. For every A € B[S], (m,)s(A) =
Jo x Q(Als, 2)m,(ds, dz).

Proof. Pick A € B[S]. By Lemma A.25, (m,,)s(A) = [.o . *Q" (s, 2)(st™ (A))m(ds, dz)
As m(st™1(S) x *X) = 1, we have

/ QN (s, z)(st™*(A))m(ds,dz) = lim QN (s, ) (st (A))m(ds, dz).
* Gk X n—00 J* S, x*X
(A.20)
By Lemma A.26 and Theorem A.9, we have
/ QN (s, 2)(st7(A))m(ds, dz) = Q(s,x)(A)m,(ds, dz). (A.21)
S xX*X SnxX
Note that we also have
lim Q(s,z)(A)m,(ds,dx) = Q(s,z)(A)my,(ds, dz). (A.22)
n—o0 J S, x X SxX
So, we have the desired result. O

A.2.2. Belief Restriction under Assumption 3. In this section, we establish
belief restriction assuming uniformly bounded relative entropy. Recall that v is the
hyperfinite belief that associates with the Berk-Nash *equilibrium m of the nonstandard
SMDP ./\/ljj\f@. Recall that To C *©. By the transfer of Lemma A.22, *QN (s, 1) is
*dominated by *Qp (s, z) for all @ € Te and (s,z) € *Sy x *X. We use Dy(-|s, x) to
denote the *density function of *Q" (s, x) with respect to *Q} (s, ). By the transfer

of Lemma A.23, Dy(s'|s, x) is jointly *continuous on (s, s, ).

Lemma A.28. Suppose Assumption 1 holds. For all 0 € Tg and all (s,x) € NS(*S) x

*X, we have Dy(s'|s, 2) = *Dy(s'|s,x) on a *Qp (s,x) measure 1 set.
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Proof. Pick 0 € Tg and (s,x) € NS(*S) x *X. Note that *Q(s,z)(*Sy) ~ 1 and
*Qp(s,2)(*Sy) =~ 1. Thus, for every A € *B[*Sy], we have:

*Qs,x)(A
%%[S *Do(s']s, 2)*Qp (s, ) (ds"). (A.23)

Note that *Q~ (s, z)(A) = f*SN Dy(s'|s,2) QY (s, 2)(ds’). Thus, we conclude that
Dy(s'|s, ) =~ *Dy(s|s, ) on some *Qj (s, ) measure 1 set. O

QY (s,x)(A) =

For every 0 € Ty, let the nonstandard Kullback-Leibler divergence be:
*Kn(m,0) = / BN (o) (I (Do(s']s,2)) | m(ds, dz). (A.24)
Sy x*X

The set of closest parameter values given m is the set T (m) = arg mingeq, *Ky(m,0).
Recall that we use ©,,, to denote the set {0 € © : Kg(0,m,) < oo}. The proof of the

following lemma is provided in Appendix C.1.

Lemma A.29. Suppose Assumption 1 and Assumption 2 hold. For every (0,s,z) €
ToxNS(*S)x* X, ifst(0) € Oy, and Q(st(s),st(x)) is dominated by Qs (o)(st(s),st(x)),
then *E.on 5.2 [In (Dg(s'[s, )] = Eq(st(s)st(a)) [In (Dseoy (8']st(s), st(z)))].

By the transfer principle, *Q~ (s, 2)(*Sy) > r for all (s,z) € *Sy x *X. As
To C *O, following the calculation in Lemma A.23, [Dy(s'|s, z)| < L*Dy(s'|s, )| for
all (s',s,0,x) € *Sy x *Sy X T x *X. We now establish the connections between
the nonstandard weighted Kullback-Leibler divergence *K n(m, 6) and the standard
weighted Kullback-Leibler divergence Kg(m,, ).

Theorem A.30. Suppose Assumption 1, Assumption 2 and Assumption 3 hold. For
every § € To, if st(0) € O, then *K n(m,0) = Kqg(m,,st(0)).

Proof. Pick § € Tg such that st(§) € ©,,,. Since Kg(m,,st(f)) < oo, Q(s,x) is
dominated by Qsg)(s,x) for m,-almost all (s,z) € S x X. Let R denote the extended
real line and define g : S x X — R to be g(s,z) = Eq(|s,2) [ln (Dst(g)(s’\s,x))] if
Q(s, ) is dominated by Qs (g)(s,x) and g(s,x) = oo otherwise. We have
Ko(m,,st(0)) :/ g(s,z)my(ds,dz) = lim g(s,z)my(ds,dx).  (A.25)
SxX

n—oo J S, xX
Let G : *Sy x *X = "R be G(s,7) = "Eugn 5.1 [ln (Do(s']s, x))] By Lemma A.29
and Theorem A.9, we have [¢ . g(s,2)m,(ds,dz) = [¢ G m(ds,dz). To
finish the proof, it is sufficient to show that G is S-integrable w1th respect to m. As
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0 € To C *© and m is *stationary, by Assumption 3, “Eg)s,2) [ln (*Dg(s’ls, x))] is S-
integrable with respect to m. By Item 3 of Assumption 1, “E.on (s, [ln (D9(3’|s, x))}

is S-integrable with respect m, completing the proof. 0

We now prove the main result of this section.

Theorem A.31. Suppose Assumption 1, Assumption 2 and Assumption 3 hold. The
support of v, is a subset of Og(m,,).

Proof. Pick 6, € © such that 6 is in the support of v,. As v,(A) = v(st™}(A)) for
all A € B[O], by Theorem 4.9, there exists 0; ~ 6 such that 8, € TY (m). That is,
we have *K n(m, 01) = argmin,q,, *K y(m,t). Suppose there exists #" € © such that
Kg(my,0') < Kg(my, 6y) — % for some n € N. Clearly, both #" and ¢, belong to ©,,,.
Let ty € T be the unique element such that ' € Bg(ty/). By Theorem A.30, we have

Ky (motor) & Ko(my, 0) < Ko(m,, ) — % <Ky (m, 0,) — % (A.26)

This is a contradiction, hence we conclude that v, is a subset of ©¢g(m,,). U

A.2.3. Belief Restriction without Assumption 3. In this section, we establish
belief restriction of the SMDP M if M is correctly specified or satisfies Assumption 4.
We first assume that M is correctly specified.

Theorem A.32. Suppose the SMDP M is correctly specified, Assumption 1 and
Assumption 2 hold. Then, the support of v, is a subset of Og(m,).

Proof. As the SMDP M is correctly specified and © C Te, we have minq, *Kn(m,t) =
0. Pick 6, € © and (s, zo) such that 6, in the support of v, and (s, z¢) in the support
of m,. Then, by Theorem 4.9, there exist 0; ~ 0y and (s1,21) € *Sy x *X such that
6, € TS (m) and (s1, 1) in the *support of m. By the transfer of Lemma 1 in EP, we
have *Qé\i(sl, z1) = *QY(s1,x1). As sy is near-standard, by Definition 2.4, we conclude
that Qg,(s0,20) = Q(So, o) and therefore, Kq(m,,6y) = 0. O

We now assume that Assumption 4 holds but M may be misspecified.

Theorem A.33. Suppose Assumption 1, Assumption 2 and Assumption 4 hold. Then
the support of v, is a subset of ©g(my,).

Proof. As © C Te, by Assumption 2, T4 (m) = {6p}. Thus, we have v,({6}) =
v({6p}) = 1. By Assumption 4 again, O¢(m,) = {6y}, completing the proof. O
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A.2.4. Optimality with Bounded Payoff Function. In this appendix, we estab-
lish optimality of the candidate Berk-Nash equilibrium m, assuming bounded and

continuous payoff function. We start with the follwing lemma:

Lemma A.34. For every A € *A(Tg) and every (s,z) € NS(*S) x*X, (*Qf\v(s, z)), =
Q> (st(s),st(z)). That is, the push-down of *Qf\v(s, ) is the same as Qy, (st(s), st(z)).
Proof. Fix (A, s,x) € *A(Te) x NS(*5) x *X and A€ B[S] As *in(s r)(st71(9)) =1,
we have (*Qy (5,2)),(4) = "Qx(s,0)(st™(A4) = [y, *Qi(s,x)(st™' (A)A(di). By
Lemma A.11, we have Qg;)(st(s), st(z))(A ) = *Q “Q,(s, x) (st~ 1(A)) for all i € T. Thus,
by Theorem A.9, we have

“Qy(s, x) (st (A))A(di) = /@ Qo(st(s),st())(A)Ap(d0) = Q, (st(s), st(x)) (A).

To
(A.27)
Hence, we have the desired result. 0
We now consider the Bellman equation
V(s mg?/{w s,2,8) + 6V (s)}Qy, (ds|s, ). (A.28)

Let Co[S] denote the set of bounded continuous functions on S equipped with the
sup-norm. Then Cy[S] is a complete metric space. Under Assumption 5, the map
F(g)(s) = max,ex [o{m(s, 2, ') + 0g(s')}Q,,(ds]s, z) is a contraction mapping from
Co[S] to Co[S]. By the Banach fixed point theorem, there is an unique V' € Cy[S] that
is a solution to the Bellman equation Eq. (A.28). We fix V for the rest of this section.
Similarly, we consider the nonstandard Bellman equation
V(s) = max / (s, 2, 8) + 6V(s)10" (ds']s, 7). (A.29)
ze*X Jrsy
where V € *Cy[*Sy] is the unique solution of the nonstandard Bellman equation
Eq. (A.29). The existence of such V is guaranteed by the transfer principle. We also
fix V for the rest of this section.

Lemma A.35. Suppose Assumption 1 and Assumption 5 hold. For every (s,x) €
NS(*S) x *X:

Crn(s,z,s) + V() Q (ds]s, z) (A.30)

~ /S {n(st(s), st(x), s') + 6V (s)} Dy, (ds'|st(s), st(z)). (A.31)
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Proof. Pick (t,z) € NS(*T) x *X. As 7 is bounded, *my(t,z,-) is bounded. By
Arkeryd et al. (1997, Section 4, Corollary 6.1), *mn(t, x,t') + 6*V(t') is S-integrable
with respect to *Qf(dﬂt,x). By Arkeryd et al. (1997, Section 4, Corollary 6.1),

Lemma A.18 and Theorem A.9 , we have

; Can(t,z,t) + 8V {E) Q) (dt'|t, z) (A.32)

= lim | {n(st(t), st(x), 1) + OV (')} Qu, (dt'[st(t), st(x)) (A.33)

= /T {m(st(t), st(x),t') + 0V (t)}Qu, (dt'[st(t), st()). (A.34)

Hence, we have the desired result. 0

The set Cy[S] is a complete metric space under the metric dg,,. Recall that, under
Assumption 1, S,, is a non-decreasing sequence of compact subsets of S such that S =
Unen Sn- For two elements g1, g2 € Co[S], define dyupn(g1, 92) = supyeg, |91(5) — g2(s)].
Define dunit(g1, 92) = e min{l’ds"zp,;"(gl’gz)} . Note that dypi is a well-defined complete
metric on Cy[S]. For every f € Cy[S], under the topology generated by the metric
dunit, F € *Co[*S] is in the monad of *f if F(s) ~ *f(s) for all s € NS(*5).

Lemma A.36. Suppose Assumption 1 and Assumption 5 hold. Then *V (s) ~ V(s)
for all s € NS(*5).

Proof. Let V; be the restriction of *V to *Sy. For all (s,z) € NS(*S) x *X, by
Lemma A.35, we have
ma;c/ (s, 2, 8) 4+ 6Vo(sH QN (ds']s, 2) = V(st(s)) & Vo(s). (A.35)
e X J*Sy
Let G(f)(s) = max, .y f*SN{*WN(S, x, s’)+5*f(s’)}*@iv(ds/\s,x) forall f € *Co(*Sn).
Consider the following internal iterated process: start with 1 and define a sequence
{Vitnesn by Vi1 = G(V,,). As 6 € [0,1) and *Sy is a *compact set, there ex-
ists some K € *N such that *dg,,(Vk,Vk41) < 1. Hence the internal sequence
{Va}nesn 18 a *Cauchy sequence with respect to the *metric *dyne. As *Co(*Sy) is
*complete with respect to *dyye, the internal sequence {V}, },c«n has a *limit. Note that
*Aunit (G(f1), G(f2)) < *dunie(f1, f2) for all fi1, fo € *Co(*Sy). So G is a *continuous
function, hence the *limit of the internal sequence {V}, },e-y is the *fixed point V. As

*dunit(Vo, V) & *dunie(V1, Vo) &= 0, we have *V (s) = V(s) for all s € NS(*S). O

Theorem A.37. Suppose Assumption 1 and Assumption 5 hold. For every (s,z) €
S x X that is in the support of m,, x is optimal given s in the MDP(Q,, ).
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Proof. Pick (s,z) € S x X that is in the support of m,. Then there exists some
(a,b) € NS(*S) x *X such that (a,b) =~ (s,z) and (a,b) is in the *support of m. Thus,
we have b € arg max,c. x f*sN{*ﬂN(a,y, s') + 5V(s’)}*@iv(ds’|a,y).

Claim A.38. V is bounded.

Proof of Claim A.38. Let G(f)(s) = max,c.x f*SN{*WN(S, z, S’)+(5*f(3’)}*@iv(ds’]s, )
for all f € *Co(*Sy) and Fy : *Sy — *R be the constant 0 function. Consider the
following internal iterated process: start with Fy and define a sequence {F,,},c+n by
F.+1 = G(F,). The *limit (with respect to *ds,p) of the internal sequence {F, },exn is
V. By the transfer of the Banach fixed point theorem, we know that *dgu,(Fp, V) <
%*dsup(Fo, Fy). As *mx is bounded, we conclude that V is bounded.

By Claim A.38, Arkeryd et al. (1997, Section 4, Corollary 6.1), Lemma A.36,
Lemma A.34 and Theorem A.9:

| {may )+ OV(s)}Q, (ds'|a, ) (A.36)
~ r}l—?; . {m(s,st(y),s") +V(s')}Q,, (ds']s,st(y)) (A.37)
_ [S {n(s,5t(y), &) + 6V (s)}Qy, (ds]3, st(y)). (A.38)

for all y € *X. Thus, we have z € argmax; .y [({7(s,2,5) + 0V (s)}Q,, (ds']s, ),
which implies that z is optimal given s in the MDP(Q,, ). O

A.2.5. Optimality with Unbounded Payoff Function. In this appendix, we estab-
lish optimality of of the candidate Berk-Nash equilibrium m,, with possibly unbounded
payoff function under Assumption 6, Assumption 7 and Assumption 8. Let [|s]|, ds
denote the norm of an element s € S and the metric on S, respectively. Let W (u, )

denote the Wasserstein distance between two probability measures p and v.

Lemma A.39. Suppose Assumption 8 holds. For every A € *A(Te) and every
(s,z) € NS(*S) x *X, *W(*Q)\(s,x),*Q*Ap(st(s),st(x))) ~ 0. That is, *Q, (s, x) is in
the monad of Qy, (st(s),st(z)) with respect to the 1-Wasserstein metric.

Proof. Fix A € *A(Tp) and (s,z) € NS(*S) x *X. Note that convergence in the
Wasserstein metric is equivalent to weak convergence plus convergence of the first

moments. By Lemma A.34, it is sufficient to show that

[ S*ds(t,so)*@(s,x)(dt) ~ / ds(t,st(s0))Qn, (st(s), st(x))(dt) (A.39)

S
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for all sy € NS(*S). By Assumption 8, we have

[ st 50) Qo 0)(d0) = /5 ds(t,5t(50))Qseey (st(s), ST())(dE).  (A.40)

for all § € Ty. By Theorem A.9, we have
/ *ds(t, 50)*Qy (s, z)(dt) =~ / /dg(t, st(so))Qo(st(s),st(z))(dt)A,(dO)  (AAL)
S eJs
= /Sds(t, st(s0))Qx, (st(s), st(z))(d?). (A.42)

Hence, we have the desired result. O

We now consider the Bellman equation.

V(s) = max/s{ﬂ(s, z,5") 4+ 6V (s)}Q,, (ds'|s, ). (A.43)

zeX

For each n € N and any two elements gy, g2 € C[S] (the set of continuous real-valued
functions on S), let dapn(g1;92) = suPyeg, 191(5) — g2(s)|. Recall that the uniform
convergence topology on compact sets on C[S] can be generated from the metric
dunit (91, 92) = D nen min{l’ds“z‘;;”(glm)}. Note that C[S] equipped with d;¢ is a complete
metric space. Let B, D be constants in Assumption 6 and Assumption 7, respectively.
Define L p[S] = {f € C[S]: (BE € Ro¢)(Vs € S)(|f(s)| < E+ (B+ D)|s|])}. Then

Lp p[S] is a complete metric space under the metric dyy;. We present three lemmas,

Lemma A.40- Lemma A.42, proofs of which are provided in the Online Appendix.

Lemma A.40. Suppose Assumption 1, Assumption 6, Assumption 8 and Assumption 7
hold. The Bellman operator F(g)(s) = max,cx [{7(s,x,s) + 0g(s')}Qy, (ds'|s, x)

maps every element in L p|S] to some element in Lg p[S].

The Bellman operator F(g)(s) = max,cx [({7(s,x, ) + 0g(s')}Q.,(ds'|s,z) is a
contraction mapping on Lg p[S]. Given any go € L5 p[S], let {g, }n>0 be the sequence
such that g,41 = F(gy) for all n > 0. The sequence {¢, }»>0 C Lpp[S] is a Cauchy
sequence with respect to the metric d,.;. This is because, for every n € N, there
exists some K € N such that dsupn(9x, grc+1) < 1. The limit of the sequence {gn }n>0
is the unique fixed point of the Bellman operator, hence is the solution of the Bellman
equation. We use V' to denote the unique solution of the Bellman equation Eq. (A.43),

and fix this notation for the rest of this section.
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Lemma A.41. Suppose Assumption 1, Assumption 6, Assumption 7 and Assumption 8
hold. For every (s,z) € NS(*S) x *X:

Frnis, z, )+ 8V(H QY (ds]s, z) (A.44)
SN
A /{W(st(s),st(at),sl) + 6V (s')}Qu, (ds'|st(s), st(x)). (A.45)
s
The nonstandard Bellman equation is:
V(t) = max/ (s, z,8) + V() QN (d]s, z). (A.46)
ze* X J*Sn

Let *Co[*Sn] is the set of *bounded continuous functions on *Sy. Note that *mx is an
element in *Cy[*Sn]. By the transfer of the Banach fixed point theorem, there exists a
unique solution V of the nonstandard Bellman equation Eq. (A.46). We fix V for the

rest of this section.

Lemma A.42. Suppose Assumption 1, Assumption 6, Assumption 7 and Assumption 8
hold. Then *V (s) ~ V(s) for all s € NS(*S5).

To complete the proof of the main result of this section, we need to show that the
solution V of the nonstandard Bellman equation (Eq. (A.46)) is S-integrable. Let

"Lpp["Sn]={f € Co["Sn]: (AE € "Rso)(Vs € "Sn)(|f(s)| < E+ (B + D)||s]))}-
(A.47)

Note that *Lp p[*Sy] is a *closed subset of *Cy[*Sy] under *dgyp, hence is a *complete

metric space under the *metric *dgyp.

Lemma A.43. Suppose Assumption 1, Assumption 6 and Assumption 7 hold. The
nonstandard Bellman operator, defined below, maps every element in *Lg p[*Sn| to

some element in *Lp p[*Sn].

G(f)(s) = max [s rn(s,z,s) + 6 f(s) QN (ds]s, ) (A.48)

ze* X
Proof. Let f be an arbitrary element in *Lp p(*Sy). Then, there is some E € *R.
such that |f(s)| < E4+(B+D)||s|| for all s € *Sy. By Assumption 6 and Assumption 7:

| / Frn(s,z,s) + 6 F() QY (ds']s, )| (A.49)

S A+OE+ / {Bmax{]|s| ||5'll} + 6(B + D)lIs'[[}*@Q, (ds']s, ) (A.50)
*S

<A+6E+ (B+6B+ D))C+ (B+D)s|. (A.51)
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Thus, we have the desired result. [l

Hence, we conclude that the solution V of the the nonstandard Bellman equation
(Eq. (A.46)) is an element of *Lp p[*Sy].

Lemma A.44. Suppose Assumption 1, Assumption 6, Assumption 7 and Assumption 8
hold. Then V is S-integrable with respect to *Q (s, x) when (s,z) € NS(*S) x *X.

Proof. Pick some (s,z) € NS(*S) x *X. As V € *Lp p[*Sn|, there exist some £ € *R
such that |V(t)| < E+ (B + D)||t|| for all t € *Sy. By Lemma A.42, *V(t) =~ V(¢) for
all t € NS(*S). Hence, F is near-standard. As D € R, it is sufficient to show that
||| is S-integrable with respect to *Q, (s, z). By Lemma A.39 and Theorem A.9:

[ irelas o 5 [ 1. as (452
~ lim 1]]@,, (dt[st(s),st(z)) (A.53)
n—oo J S,
= lim st(/ [£1Q0 (dt]s, ). (A.54)
n— 00 *Sh

Note that f*SN ||t||*@iv(dt]s,x) Z lim, St(f*sn ||t||*@f,v(dt|s,x)) Hence, by Ark-
eryd et al. (1997, Section 4, Theorem 6.2), ||t|| is S-integrable with respect to *in(s, x),
completing the proof. O

Theorem A.45. Suppose Assumption 1, Assumption 6, Assumption 7 and Assump-
tion 8 hold. Then, for every (s,x) € S x X that is in the support of m,, x is optimal
given s in the MDP(Q,, ).

Proof. Pick (s,z) € S x X that is in the support of m,. Then there exists some
(a,b) € NS(*S) x *X such that (a,b) =~ (s,x) and m({(a,b)}) > 0. Thus, we have

b € arg max Frn(ay, s) + V() QN (ds'|a, y). (A.55)
ye*X *SN

By Lemma A.44, V is S-integrable with respect to *in(ds’|a, y) for all y € *X. Using
similar argument, *wx(a,y,-) is also S-integrable with respect to *Qf(dsﬂa,y) for
all y € *X. Thus, by Arkeryd et al. (1997, Section 4, Theorem 6.2), Lemma A.42
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Lemma A.34 and Theorem A.9:

[ Ot + vy 0 a.y) (A.56)
~ i (o, st(0).) + 0V() 10y (A1, 580) (A57)
/ (n(s,5t(y), &) + 6V ()} B, (5|3, st(y)). (A.58)

for all y € *X. Thus, we have z € argmax,,y fs{ﬂ' s,2,8) + 0V (s)}Qy, (ds'|s, &),
which implies that = is optimal given s in the MDP(@Q),,). 0

B. REFERENCES

Anderson, R. M. (1982). “Star-finite representations of measure spaces”. Trans. Amer.
Math. Soc. 271.2, pp. 667-687.

— (1985). “Strong core theorems with nonconvex preferences”. Econometrica 53.6,
pp. 1283-1294.

Anderson, R. M., H. Duanmu, M. A. Khan, and M. Uyanik (2021a). “Walrasian
equilibrium theory with and without free-disposal: theorems and counterexamples
in an infinite-agent context”. Economic Theory, pp. 1-26.

— (2022). “On abstract economies with an arbitrary set of players and action sets in
locally-convex topological vector spaces”. Journal of Mathematical Economics 98.

Anderson, R. M., H. Duanmu, and A. Smith (2018). “Mixing times and hitting times
for general Markov processes”. Israel Journal of Mathematics, under revision.

— (2021b). “Mixing and average mixing times for general Markov processes”. Canad.
Math. Bull. 64.3, pp. 541-552.

— (2021c). “Mixing and hitting times for Gibbs samplers and other non-Feller processes”.
Illinois J. Math. 65.3, pp. 547-577.

Anderson, R. M. and R. C. Raimondo (2008). “Equilibrium in continuous-time financial
markets: Endogenously dynamically complete markets”. Econometrica 76.4, pp. 841—
907.

Anderson, R. M. and S. Rashid (1978). “A nonstandard characterization of weak
convergence”. Proc. Amer. Math. Soc. 69.2, pp. 327-332.

Arkeryd, L. O., N. J. Cutland, and C. W. Henson, eds. (1997). Nonstandard analysis:
Theory and applications in Proceedings of the NATO Advanced Study Institute on
Nonstandard Analysis and its Applications. Vol. 493. Kluwer Academic Publishers
Group, Dordrecht.



44

Arrow, K. J. and J. R. Green (1973). “Notes on expectations equilibria in Bayesian
settings”. Institute for Mathematical Studies in the Social Sciences, Unpublished.
Berger, L. and M. Marinacci (2020). “Model uncertainty in climate change economics:
A review and proposed framework for future research”. Environmental and Resource

Economics, pp. 1-27.

Bhattacharya, R. and M. Majumdar (2007). Random dynamical systems: theory and
applications. Cambridge University Press.

Brown, D. J. and A. Robinson (1975). “Nonstandard exchange economies”. Economet-
rica 43, pp. 41-55.

Cerreia-Vioglio, S., L. P. Hansen, F. Maccheroni, and M. Marinacci (2022). “Making
decisions under model misspecification”. Unwversity of Chicago, Becker Friedman
Institute for Economics Working Paper 2020-103.

Cerreia-Vioglio, S., F. Maccheroni, and D. Schmeidler (2020). “Equilibria of nonatomic
anonymous games’. arXiv:2005.01839.

Cutland, N. J., V. Neves, F. Oliveira, and J. Sousa-Pinto, eds. (1995). Developments
in nonstandard mathematics. Vol. 336. Longman, Harlow.

Duanmu, H. (2018). Applications of Nonstandard Analysis to Markov Processes and
Statistical Decision Theory. Thesis (Ph.D.)-University of Toronto (Canada).

Duanmu, H., J. Rosenthal, and W. Weiss (2021a). “Ergodicity of Markov processes
via nonstandard analysis”. Mem. Amer. Math. Soc. 273.1342, pp. v+114.

Duanmu, H. and D. M. Roy (2021). “On extended admissible procedures and their
nonstandard Bayes risk”. The Annals of Statistics 49.4, pp. 2053-2078.

Duanmu, H., D. M. Roy, and A. Smith (2021b). “Existence of matching priors on
compact spaces yielding confidence intervals”. Biometrika, under revision.

Duffie, D., L. Qiao, and Y. Sun (2018). “Dynamic directed random matching”. J.
Econom. Theory 174, pp. 124-183.

Duffie, D. and Y. Sun (2007). “Existence of independent random matching”. Ann.
Appl. Probab. 17.1, pp. 386—419.

Esponda, I. and D. Pouzo (2021). “Equilibrium in misspecified Markov decision
processes”. Theoretical Economics 16, pp. 717-757.

Farmer, L., E. Nakamura, and J. Steinsson (2021). Learning about the long run. Tech.
rep. National Bureau of Economic Research.

Frick, M., R. [ijima, and Y. Ishii (2020). “Misinterpreting others and the fragility of
social learning”. Econometrica 88.6, pp. 2281-2328.



45

Fudenberg, D., G. Lanzani, and P. Strack (2021). “Limit Points of Endogenous
Misspecified Learning”. Econometrica 89.3, pp. 1065—-1098.

Hansen, L. P. and T. J. Sargent (2011). Robustness. Princeton university press.

Karlin, S. (1962). “Stochastic models and optimal policy for selling an asset”. Studies
in applied probability and management science.

Khan, M. A. (1976). “Oligopoly in markets with a continuum of traders: an asymptotic
interpretation”. J. Econom. Theory 12.2, pp. 273-297.

Khan, M. A. and Y. Sun (2001). “Asymptotic arbitrage and asset pricing models on
general index sets and on the Lebesgue continuum”. Journal of Economic Theory
101, pp. 225-251.

Koulovatianos, C., L. J. Mirman, and M. Santugini (2009). “Optimal growth and
uncertainty: Learning”. Journal of Economic Theory 144.1, pp. 280-295.

Lorenzoni, G. (2009). “A theory of demand shocks”. American Economic Review 99.5,
pp- 2050-84.

Maitra, A. (1968). “Discounted dynamic programming on compact metric spaces”.
Sankhya: The Indian Journal of Statistics, Series A, pp. 211-216.

Molavi, P. (2019). “Macroeconomics with learning and misspecification: A general
theory and applications”. Unpublished manuscript.

Nyarko, Y. (1991). “Learning in mis-specified models and the possibility of cycles”.
Journal of Economic Theory 55.2, pp. 416-427.

Puterman, M. L. (1994). Markov decision processes: discrete stochastic dynamic
programming. John Wiley & Sons.

Robinson, A. (1966). Non-standard analysis. North-Holland Publishing Co., Amster-
dam, pp. xi+293.

Stokey, N. L. and R. Lucas (1989). Recursive methods in economic dynamics. Harvard
University Press.

Willard, S. (2012). General topology. Courier Corporation.

Wolff, M. and P. A. Loeb, eds. (2000). Nonstandard analysis for the working mathe-
matician. Vol. 510. Kluwer Academic Publishers, Dordrecht.

Zimmer, G. B. (2005). “A unifying Radon-Nikodym theorem through nonstandard
hulls”. Illinois J. Math. 49.3, pp. 873-883.



46
C. SUPPLEMENTARY MATERIAL - FOR ONLINE PUBLICATION

This supplementary material is divided into four sections: (i) proofs and statements
that are omitted from Appendix A, (ii) asymptotic characterization of state-action
frequencies, (iii) a proof of our convergence result in Theorem 4, and (iv) a detailed

analysis of some examples covered in the main paper.

C.1. Omitted Proofs. Theorems C.1 and C.2 are invoked at several instances during

the proofs of the main theorems in our paper. We list them for completeness here.

Theorem C.1 (Arkeryd et al. (1997, Section. 4, Corollary 6.1)). Suppose (€2, A, P) is
an internal probability space, and F : Q0 — *R is an internally integrable function such

that st(F) exists everywhere. Then F' is S-integrable.

Theorem C.2 (Arkeryd et al. (ibid., Section. 4, Theorem 6.2)). Suppose (§2, A, P) is
an internal probability space, and F : 2 — *R is an internally integrable function such

that st(F) exists P-almost surely. Then the following are equivalent:

(1) st([|F|dP) exists and it equals to lim,_,  st([ |F,|dP) where for n € N,
F, = min{F,n} when F >0 and F,, = max{F, —n} when F < 0;

(2) For every infinite K > 0, f|F|>K |F|dP = 0;

(3) st([ |F|dP) eaists, and for every B with P(B) ~ 0, we have [,|F|dP =~ 0;

(4) F is S-integrable with respect to P.

We next provide a proof to Claim A.16 which is used to prove Theorem A.15.

Proof of Claim A.16. Pick (s,x) € TsxTx such that Q(st(s),st(z)) is dominated by
Qst(0)(st(s),st(z)). Then, Dgg)(|st(s),st(x)) is the density function of Q(st(s),st(x))
with respect to Qs(g)(st(s),st(z)). Let f: S — R be f(t) = In (D (¢[st(s),st(z))).
For n € N, define f,, : S — R to be:

o fult) = f(t) if 5, < Duo)(tlst(s),st(z)) < n;

o fu(t) = = if Dgg)(t|st(s),st(x)) < +;

o fu(t) = nif Dy (t[st(s),st(x)) > n.
Note that f,, is a bounded continuous function. Moreover, by Item 5 of Definition 2.4,
we have Eq(si(s)st()) = Lm, . [ fu(t)Q(dt|st(s),st(z)). Let F : Tg — *R be

F(t) = (&(alssa; ) For n € N, define F}, : Ts — *R to be

F)if 1 < Qttlfs?)<”

Fo(t) =
F,(t) = lf@tlsﬂﬂ)
Fo(t) =

n Qo (t]s,z) < n
t)=1Lif Qt"”) > n.
n o(s|t,x)
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By Theorem A.13, we know that F,(t) =~ f.(st(t)) for every n € N and ¢t € Ts. For

every n € N, we have

/fn Q(dtst(s) / OFQ(dtst(s), st(x)) (1)
/ *fL()*Q(dt]s, x) (C.2)
~ Z E,(1)Q(i|s, ) (C.3)

Thus, to finish the proof, it remains to show that lim,_,_ st( > rers Fn(D)Q(]s, 7)) ~
Eq(.js,z)[F(t)]. By Theorem C.2, this is the same as establishing the S-integrability of
F(t) under Q(+|s,x). Pick an infinite K > 0 and let Ix = {t € T : |F(t)| > K}. Let
I ={teTs: |F@t)] > K AgBa <1} and I = {t € Ts : [F(t)] > K A g2k >

1}. It is easy to see that both [(?ls ;nd I are internal sets and Iz = I% U [ (Se(%goﬂ;) all
t € IY, we have % ~ 0. Then we have
ST IF®Qs,z) = S IF(t) t’s x))(@g(ﬂs,:c) ~ 0. (C.4)
teld teld
Forallt € I}?, g(@'f =5 > n for all n € N. By Theorem A.13, Dgg)(st(t)|st(s),st(z)) =

oo for all t € I?. This 1mphes that Qs (st(s), st(z))(st(/5)) = 0. By Lemma A.11,
we conclude that *Q, (s, a:)(UteI},{o Bg(t)) = 0. By Item 5 in Definition 2.4, we conclude

* 147, .. .
that fUtGI? Bs() (*Do(s']s,2)) "*Q,(s,2)(ds’) ~ 0. This implies that
Q(tls,z) e
S IF®IQ(ts.x) = > |F(t) @ Dolils.0) Qq(t]s, z) ~ 0. (C.5)
tels tels 0

Combining Eq. (C.4) and Eq. (C.5), we have the desired result.
U

Proof of Lemma A.29. Pick 6 € Ty such that st(f) € ©,,, and (s,z) € NS(*S) x*X
such that Q(st(s),st(x)) is dominated by Qs s)(st(s),st(x)). By Lemma A.28 and the
fact that *Q,(s, x)(*Sy) =~ 1, we have

BN ([s.0) [N (Do (s']s,2))] = Zs *Dy(s'|s, ) In (*Do(s'|s, 2)) *Qy(s, z)(ds"). (C.06)
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By Item 5 of Definition 2.4 and the fact that s is near-standard, we conclude that
/ *Dy(s'|s,z) In (*Dg(s'|s, ))*Qy(s, z)(ds") (C.7)
*Sn

~ [s *Do(s'|s,z) In (*Do(s'|s, 2)) *Qy(s, z)(ds"). (C.8)

Do) ('|st(s), st(z)) In (Dsyg) (s'|st(s), st(z))) is a continuous and bounded on S, for

each n € N. So, for every n € N, we have

/ Dg(9)(s'|st(s), st(z)) In (Dst(g) (s'|st(s), st(x))) Qst(0)(st(s),st(z))(ds") (C.9)

Sn

~ [S *Da(o)(s'[st(s), st(z)) In (*Daye) (s'|st(s), st(z)))*Qy(s, z)(ds") (C.10)
~ [s *Dy(s']s, ) In (*Do(s'|s, 7)) *Qy(s, z)(ds"). (C.11)
Note that, we have

lim Dai(o)(8[st(s), st(z)) In (Ds(a) (s'[st(s), st(x))) Qse(o) (st(s), st(z))(ds’) (C.12)

n—oo.J S,

= Eq(jt(s)st(a)) [ (Dseo) (5'[st(s), st(2)))] - (C.13)
By Item 5 of Definition 2.4 and the fact that s is near-standard, we have
lim st(/ *Do(s']s, ) In (*Dy(s']s, 2)) *Qy(s, z)(ds")) (C.14)
n—00 *S,
~ [ Dulss ) In (Dol s, ) Qyfs,2)(d) (C.15)
S
R B (s (I (Do(s]s, 2))] . (C.16)

Hence, we have the desired result.
O

Proof of Lemma A.40. Let g be some element in L5 p[S]. Then there exists some
E € R such that |g(s)] < E+ (B + D)||s|| for all s € S. We show that F(g) is a

continuous function.

Claim C.3. For every (s,z) € NS(*S) x *X, *n(s,x,-) + 6*g(+) is S-integrable with
respect to *@*u,,(57 x)(+).

Proof of Claim C.3. Let (sg,z9) € NS(*S) x *X be given. By Assumption 6, it
is sufficient to show that ||s/[| is S-integrable with respect to *Q-, (s0,20)(-). By
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Lemma A.39, we have:

[ 1510 (@ s0,z0) & [ 1511, (05 s(s0). st(a0) (©17)
*S S
~ lim st(/ 11 Q-,, (ds']50, 0)) (C.18)
n—0o0 *STL

By Theorem C.2, ||s'|| is S-integrable with respect to *Q*Vp(ds’|so, Zo).
By Claim C.3 and Theorem A.9, for every (s,z) € NS(*S) x *X, we have

[S{*ﬂ(s,x, s') +06%9(s")} Q- (ds']s, x) (C.19)

~ lim st(/ {*r(s,z,5") +5*g(s/)}*Q*Vp(ds'|s,x)) (C.20)
n—oo *Sh

- n11_>no10 ) {m(st(s),st(z),s) + dg(s")}Q,, (ds[st(s),st(z)) (C.21)

(st(s),st(z),s) + 6g(s')}Q,, (ds'|st(s), st(z)). (C.22)

S
Hence, we have *F'(*g)(s) =~ F(g)(st(s)) for all s € NS(*S), so F(g) is a continuous

function. For every s € S, by Assumption 7, we have

[F(g)(s)] < maX/S{A + Bmax{||s||, [|s'll} + 6(E + (B + D)||s'[|)}Qu, (ds'| s, )

reX
(C.23)
<A+SE+ (B+6(B+D))C+ (B+D)|s| (C.24)
Hence we have the desired result. O

Proof of Lemma A.41. Pick (s,z) € NS(*S) x *X. Note that *Q, (s, z)(*Sy) =~ 1.
Thus, we have
Crn(s, @, 8) + 8V (O (ds'|s, ) ~ {rn(s,2,8) + 0V (s)}*Q,(ds'|s, x)

*SN *SN

(C.25)

Claim C.4. *mn(s,x,-) + 0*V(-) is S-integrable with respect to *in(s,x)

Proof of Claim C.4. As *Q,(s,z)(*Sy) = 1, by Theorem C.2, it is sufficient to show
*mn(s,x,-)+0*V(+) is S-integrable with respect to *@Q, (s, z)(-). By Lemma A .40, there
exists E € Ry such that |V (s)| < E+ (B + D)||s|| for all s € S. By Assumption 6

and Assumption 7, it is sufficient to show that ||s’[| is S-integrable with respect to
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*Q,(s,x)(+). By Lemma A.39 and Theorem A.9, we have

/ Hs’H*Ql,(dsﬂs,a:)%/Hs'HQyp(ds’\s,x) (C.26)
“5 s
= lim st(/ |s'[*Q, (ds']s, x)). (C.27)
n—o00 * S,

By Theorem C.2, ||s|| is S-integrable with respect to *Q, (s, z)(-).
Thus, by Arkeryd et al. (1997, Section 4, Theorem 6.2) and Theorem A.9, we have:

PRECERL 5V ()} Qy (ds'|s, x) (C.28)
~ nh_)fgo . {m(st(s),st(x),s) + 6V (s')}Qu, (ds'|st(s), st(x)) (C.29)
= /S{W(st(s),st(x),s’) + 0V (s")}Q,, (ds'|st(s), st(z)). (C.30)

Hence, we have the desired result.

0
Proof of Lemma A.42. Let Vj be the restriction of *V to *Sy. For all s € NS(*5),
by Lemma A.41, we have

max | {*mn(s,z,8) + 0Vo(s)QY (ds|s, z) (C.31)

xc* X J*SN

oY max/{ﬂ(st(s), st(z), s') + 6V (s)}Q,, (ds'[st(s), z) (C.32)
zeX JS

= V(st(s)) = Vu(s). (C.33)

Let G(f)(s) = max, .y f*SN{*T('N(S, z, S’)+5*f(3’)}*@f,v(ds’\s, x) forall f € *Co(*Sn).
Note that *Co(*Sy) is a *complete metric space under the *metric *d ;. Consider the
following internal iterated process: start with 1 and define a sequence {V,,},c«n by
Vos1 = G(V,,). As 0 € [0,1) and *Sy is a *compact set, there exists some K € *N
such that *dg,,(Vi, Vk+1) < 1. Hence the internal sequence {V,},e-y is a *Cauchy
sequence with respect to the *metric *dynis. As *Co(*Sn) is *complete, the internal
sequence {V, } e~y has a *limit. Note that *dunis(G(f1), G(f2)) < *dunit(f1, f2) for all
fi, f2 € *Co(*Sn). So, G is a *continuous function, hence the *limit of the internal
sequence {V}, },e«n is the *fixed point V. As *dunie(Vo, V) & *dunie(V1, Vo) = 0, we have
*V(s) = V(s) for all s € NS(*9).

O
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C.2. Asymptotic Characterization of State-Action Frequencies. In this subsec-
tion, we study the problem where the agent who faces a regular SMDP with compact
state and action spaces, updates her belief in each period as a result of observing
the current state, her action and the new state. Our aim is to show that the agent’s
steady state behavior is a Berk-Nash equilibrium. Throughout this section, we work
with a regular SMDP ((S, X, qo, @, 7, ), Qo) as in Definition 2.4. The agent who
faces this regular SMDP has a prior pp € A(O), which is assumed to have full support.
Furthermore, throughout this section, we assume that the state space S is compact.

We start by making the following assumption:

Assumption 10. There is a referencing finite measure A on (.5, B[S]) with full support
such that

(1) For all @ € © and all (s,z) € S x X, Qy(s, ) is absolutely continuous with
respect to A;

(2) The density function ggs)(-) : S — R of Qy(s, z) with respect to A is a jointly
continuous function on © x S x X x 5;

(3) For all (0,s,2) € © x § x X, the density function g4 (s") > 0 for all s" € S.

Recall that A(©) denote the set of probability measures on (0, B[6]), endowed
with the Prokhorov metric. For (s,z,s’) € S x X x S, the Bayesian operator
B(s,z,¢,:) : A(©) — A(O) is defined as:

J 4 905 (5)(d9)
Jo Q6.5 (5" )n(d0)

B(s,z, ', p)(A) = (C.34)
for all A € B[O)].
By the principle of optimality, the agent’s problem can be cast recursively as:

W (s, pu) = max/{ﬂ s,x,8) + W (s, 1) }Q,(ds|s, z) (C.35)

zeX

where Q,(s,2) = [y Qo(s,2)u(df) and 1/ = B(s,z,s', ju). Let C[S x A(O)] be the
set of real-valued continuous functions on S x A(©), equipped with the sup-norm.
Assuming Assumption 10 holds, then the operator

L(g)(s, 1) = max/{w 5,2,8) + 69(s', 1)} Qp(ds']s, 2) (C.36)

zeX

is a contraction mapping from C[S x A(O)] to C[S x A(O)], with the contraction factor
. Thus, by the Banach fixed point theorem, there exists a unique W € C[S x A(©)]
that is the solution of Eq. (C.35), which we fix for the rest of this section.
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Definition C.5. A policy function is a function f : S x A(©) — A(X), where f(-|s, u)

is a probability measure on X if she is in state s and her belief is . A policy function
is optimal if, for all s € S, u € A(O) and = € X such that z is in the support f(+|s, p):

T € arg max/{ﬂ(s,fc, s') + W (s, B(s, &, s, 1) }Qu(ds|s, ). (C.37)
iex Js
Let h = (so, xo, - - - , Sk, Tk, - - - ) be an infinite history of state-action pairs and let H =

(S x X)N be the space of infinite histories. For every k € N, let py, : H — A(O) denote
the agent’s belief at time k, defined recursively by px(h) = B(Sg_1, Tr_1, Sk, ix—1(h)).
When the context is clear, we drop h from the notation.

For a fixed h € H, in each period k, there is a state s; and a belief u;. Given
a policy function f, the agent chooses an action randomly according to f(-|sg, )
After an action xy is realized, the state sp, 1 is drawn according to the true transition
probability Q(+|sg, xx). The agent then updates her belief to py1 according to the
Bayes operator. Thus, the primitives of the problem and the policy function f induce
a probability distribution P/ over H.

For every k € N, we define the frequency of the state-action pairs at time k to
be a function my, : H — A(S x X) such that mg(h)(A) = %Zi:o 14(s,,z,) for all
measurable A € A(S x X)), where 1,4 denote the indicator function on A.

Definition C.6. Let H be a subset of H. The sequence (my )xen is said to be uniformly
converges to m € A(S x X) on H in total variation distance if, for every € > 0, there
exists k. € N such that ||my(h) — m|rv < e for all h € H and all k& > k..

Remark C.7. For h € H, the frequency of state-action pairs my(h) is supported on a
countable set. So, Definition C.6 implies that the support of m is also countable. In
conclusion, Definition C.6 is a reasonable assumption if both the state space S and
the action space X are countable.

We now introduce the concept of identification and then present the main result

Theorem 4 of this section.

Definition C.8. A SMDP is identified given m € A(S x X) if 6,0’ € ©g(m) implies
Qo(+|s, ) = Qo (-|s, ) for all (s,x) € S x X.

Theorem 4. Suppose Assumption 10 holds and the state space S is compact. Let f

be an optimal policy function. Suppose:

(1) (my)ken uniformly converges to some m € A(S x X) on some H € H with

P/ -positive probability in total variation distance;
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(2) The SMDP ({S, X, qo,Q,m, ), Qo) is identified given m.
Then m is a Berk-Nash equilibrium for the SMDP ({S, X, qo, Q, 7, 0), Qo).

In this section, we present the necessary nonstandard framework to prove Theorem 4.
Throughout this section, We work with a regular SMDP ((S, X, qo, Q, 7,0), Qo) with

a compact state space S.

Lemma C.9. Suppose Assumption 10 holds. Then the Bayesian operator B is a
continuous function from S x X x S x A(O) to A(O).

Since we are working with a regular SMDP, we can construct an associate hyperfinite
SMDP ((Ts,Tx, ho, Q,11,8), 27, ) as in Section 4.3, which will be fixed for the rest of
the section. Let A be the finite measure on S as in Assumption 10. Define *Apy to be
the internal probability measure on T such that *Ap,({s}) = *A(Bs(s)) for all s € T.
Let *A(Tg) denote the set of internal probability measures on Tg. For (s,x,s') €
Ts x Tx x Tg, the hyperfinite Bayesian operator B(s,x,s',-) : *A(Te) — *A(To) is
given by

s Qs 2)u{0))
gers Qo(51s, 2)({0))

B(s,z, s, 1) (A) (C.38)

for all internal A C Teg.
By the transfer principle and the principle of optimality, the agent’s problem can

be cast recursively as

W(s, 1) = max Y _{TI(s, ,s) + 6W(s', 1) }Qu(s'|5, ) (C.39)

w€Tx s'€Ts

where Q,,(s, ) = > vers Qals, 2)u({0}), ' = B(s,z,8", p) and W : Ts x *A(To) — "R
is the unique solution to the hyperfinite Bellman equation Eq. (C.39). The existence of
such a W is guaranteed by the transfer principle. The next theorem establishes a tight
connection between the solution W of the hyperfinite Bellman equation Eq. (C.39)
and the solution W of the standard Bellman equation Eq. (C.35).

Theorem C.10. Suppose Assumption 10 holds. For all (s,p) € Tg x *A(To):
Wi(s, p) = W(st(s), fip)- (C.40)
We now give the definition of hyperfinite policy functions.

Definition C.11. A hyperfinite policy function is an internal function f : Tg X
*A(Te) — *A(Tx), where f(x|s, ) denotes the probability that the agent chooses x
if she is in state s and her belief is p.
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We now discuss the agent’s belief updating according to the hyperfinite SMDP
((Ts,Tx, ho,Q,11,0), 2r,). Recall that the agent who faces the regular SMDP
((S, X, qo, @, 7,0), Qo) has a prior py € A(O), which is assumed to have full support.
Let v9(0) = *o(Beo(0)) for all 0 € Tg. As pp has full support, then vy(6) > 0 for
all # € To. The agent who faces the hyperfinite SMDP ((Ts, T, ho, Q, 11, 6), 2r1,)
has the prior vy. Let h = (s¢, o, ..., Sk, Tk, ... ) be an *infinite hyperfinite history
of state-action pairs and let *Hyrywr, = (T X Tx) N be the space of infinite histo-
ries. It is clear that *Hyyxr, C *H = (*S x *X)™N. For two hy, hy € *H, we write
hi1 = hs if every coordinates of h; and hy are infinitely close. For every k € *N,
let vy : *Hrgwr, — *A(To) denote the agent’s hyperfinite belief at time k&, defined
recursively by v (h) = B(Sg_1, Sk—1, Sk, ie—1(h)). When the context is clear, we drop
h from the notation. Recall that we use dp to denote the Prokhorov metric on A(©).

For a fixed h € *Hrpy 1y, in each period k, there is a state s; and a belief v;,. Given
a hyperfinite policy function F', the agent chooses an action randomly according to
F(-|sg, vx). After an action zy, is realized, the state s is drawn according to the true
hyperfinite transition probability Q(:|sk, zx). The agent then updates her hyperfinite
belief to 4,1 according to the hyperfinite Bayes operator B. Thus, the primitives
of the problem and the hyperfinite policy function F' induce an internal probability
measure *IP’?MTX over *Hrg x7y -

For every k € *N, we define the hyperfinite frequency of the state-action pairs at
time k to be a function M}, : *Hpgwr, — *A(Ts x Tx) such that

k
Mk<h)<{(87x)}) = %Zl(s,x)(&ral})a (C—H)

where 1, ;) denote the indicator function on the point (s,x).

Recall that Kg : *A(Ts x T'x)xTe — *Rx( denote the hyperfinite weighted Kullback
Leibler divergence, and the set of closest parameter values given m € *A(Ts x Tx) is
the set

TE(m) = arg min Kg(m, 0). (C.42)
0cTo
The set of almost closest parameter values given m € *A(Ts x Tx) is the external set
TE(m) = {0 € Te : Kg(m, ) ~ min Kg(m, 6)}. (C.43)
0cTo

We now introduce the concept of S-identification for hyperfinite SMDP.
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Definition C.12. The hyperfinite SMDP ((Ts, T'x, ho, Q,I1,0), Zr,) is S-identified
given m € *A(Ts x Tx) if 6,60" € TE(m) implies that Qu(-|s,z) ~ Qg (-|s,z) for all
(S,JZ) €Ty xTx.

The rigorous proof of Theorem 4 is provided in the following section.

C.3. Proof of Theorem 4. In this appendix, we present a rigorous proof of Theorem 4
via the hyperfinite SMDP constructed in the last section. We start by proving the

continuity of Bayesian operator.

Proof of Lemma C.9. Note that S x X xS x A(O) is a compact metric space. Pick
(s,z,8, 1) €S x*X x*S x *A(*0). Then, p is an internal probability measure on
*©. The standard part of p in A(©) with respect to the Prokhorov metric is simply
the push-down of p, denoted by p,. By Assumption 10 and Theorem A.9, we have

/ (0.5t(s),st(a)) (SE(S") ) p1p(dO) = / "G (0,5, (8" 11(d0). (C.44)

) 0

Pick a set A € B[S] such that A is a continuity set of B(st(s),st(z),st(s’), ptp). Then,

by Assumption 10, A is a continuity set of p,, which implies that j,(A) ~ u(*A).

Hence, by Assumption 10 and Theorem A.9 again, we have
/AQ(e,st(s),st(x))(St(Sl)Wp(de) ~ /A Q0,50 () p(dB), (C.45)

completing the proof. 0

C.3.1. The Proof and Consequences of Theorem C.10. The proof of Theo-

rem C.10 relies on the following two lemmas:

Lemma C.13. Suppose Assumption 10 holds. For all 8 € Tg and all (s,z,s") €
TS X TX X Ts.'

(st(0),t(s) st(2)) (SE(8")) ~ geg (E/ﬁ (C.46)

Proof. Pick 0 € Tg and (s,x,s") € Ts x T'x X Ts. Note that A has full support. By the

construction of T, we know that *Az,({s'}) > 0. By the transfer principle, we have

Qlsls.2) = "Quls. ) (Bs(s) = | @A) (Ca7

We also have

/ o Q9(5/‘57I>* '
Qu(s)sa) = [ e M), (C.48)
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By Assumption 10, we have *q , ,\(y) ~ *(%OT(S;?’% for all y € Bs(s'). By Assump-
99y 'S S

tion 10, we have q(sy(g),st(s),st(z)) (St(s')) ~ *Q;"T(;ass,x})) O

Let dp denote the Prokhorov metric on A(©). By the transfer principle, *dp is the
*Prokhorov metric on *A(*0).

Lemma C.14. Suppose Assumption 10 holds. For all p € *A(Te) and all (s,x,s") €
TS X TX X Ts.‘

“dp (" B(st(s), st(2), st(), 1), B(s, 2, 5, 1) ~ 0. (C.49)
That is, the hyperfinite Bayesian operator B(s,x, s', i) is in the monad of the standard

Bayesian operator B(st(s),st(x),st(s’), i), with respect to the Prokhorov metric dp.

Proof. For all 1 € *A(Tg), as O is compact, p, is a well-defined probability measure
on ©, and y is in the monad of p, with respect to the Prokhorov metric. Then the

result follows from Lemma C.13 and Theorem A.9. OJ
We now give a rigorous proof of Theorem C.10

Proof of Theorem C.10. Let W, be the restriction of *W on Ts x *A(Tg). For all
(,s,2) € *A(To) X Ts x Tx, by Lemma A.18, Lemma C.9 and Theorem A.9, we have

{II(s,z, 8') + 0Wo(s', 1) }Qu(ds'|5, ) (C.50)

Ts

~ /{W(st(s),st(x), ') 4+ 0W (s, 1) }Qp, (ds[st(s), st()). (C.51)
S
Thus, we can conclude that

max [ {I(s,z,s") + dWy(s', 1) }Q,(ds'|s, x) (C.52)

zeTx Ts

~ max/{ﬁ(st(s), z,8") + W (s, ) }Qp, (ds'Ist(s), x) (C.53)
zeX JS

= W(st(s), pp) = Wo(s, ). (C.54)

Let
L(9)(s) = max [ (s, )+ 590} Qu(015.7) (C.55)

for all internal function g : Ts x *A(Te) — *R. Note that L is a contraction with the
contraction factor . Moreover, we can find W as following: start with W, and define
a sequence {W,, ey by Wy = H(W,,). Then W is the *limit of {W,, },c«n. Thus,
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we have

1 ™~
“dsup(Wo, W) < 1T*dsup(VVh Wy) = 0. (C.56)

J
As W is continuous, we have W(s, ) ~ W (st(s), p,) for all (s, u) € Tg x *A(Tg). O

We now prove two important consequences of Theorem C.10, which will be used in
the proof of Theorem 4. Let Y be an arbitrary metric space and U be a subset of *Y".
The nonstandard hull of U, denoted by U, is the collection of all points in *Y that are

infinitely close to some point in U. That is:
U={ye*Y: (Fuel)(dy(y,u) =0)}. (C.57)

Lemma C.15. Suppose Assumption 10 holds. Let (s,p) € Ts x *A(Teg). Suppose

y € arginax [ {Il(s,x,s) + dW(s',B(s,z, s, 1)) }Q,(ds|s, z). (C.58)
ze€Tx Ts
Then
{M(s,y.5) + W(s, B(s,y. 5 1)) }0, ('], ) (©.59)
Ts
~max [ {II(s,z,s) + 0W(s',B(s, 2,5, 1)) }Q,(ds'|t, x). (C.60)
€Ty TS
Proof. Pick
zo € argmax [ {Il(s,z,s") + SW(s',B(s,z,5, 1)) }Q,(ds'|s, x) (C.61)
JJETX TS

such that y &~ . Asthe SMDP ((S, X, qo, Q, 7, ), Qo) is regular, we have I1(s, y, s') ~
II(s, xg,s") for all 8 € Ts. By regularity again, the *Prokhorov distance between
Q(-|s,y) and Q(:|s, 7o) is infinitesimal. The result then follows from Lemma C.14 and
Theorem C.10. U

Lemma C.16. Suppose Assumption 10 holds. Let (s1, 1) € *S x *A(*O) and (s2,v) €
Ts x *A(To) such that s1 = sy and the *Prokhorov distance between pu and v is
infinitesimal. Suppose

T € argmax/ {*m(s1,&,8) + O W(s',*B(s1, &, 5", 1)} Q,(ds| s1, ). (C.62)
“S

Te* X
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Then, for ally € Tx such that y ~ x:

{M(s9,5,8) + SW(s',B(s2,9, 5, ) }Q,(ds'|s2, y) (C.63)
Ts
~max [ {II(sq,2,5") + 6W(s', B(sg, 2,5, v))}Q,(ds'|s2, 7). (C.64)
TeTx Ts

Proof. By Lemma C.14, Theorem C.10 and the fact that ({S, X, qo, @, 7,0), Qo) is a
regular SMDP, we have

arg maX/ {Fm(s1,2,8) +0W(s',*B(s1, 2,8, 1) }Q,,(ds'|s1, &) (C.65)
serx  Jxs
~argmax [ {I(sq,2,5") + W(s', B(sy, 2,5, v))}Q,(ds'|s2, 7). (C.66)
zeTx Ts

Moreover, we have

y € argfnax/ {*m(s1,2,8) + 6 W(s',*B(s1, 2,8, 1) }*Q,(ds'|s1, 2) (C.67)
“S

ze* X
= arginax [ {II(sq,z,5") + dW(s',B(s9, 2,5, 1)) }Q,(ds'|s2, 2). (C.68)
z€Tx Ts
By Lemma C.15, we have the desired result. 0

C.3.2. Proof of Theorem 4. We are now at the place to prove Theorem 4. We
start with the following lemma, which shows that the agent’s belief 1 and the agent’s

hyperfinite belief v remains close for some infinite steps.

Lemma C.17. Suppose Assumption 10 holds. Let h € *Hryxry, and h € *H be such

that h ~ h. Then, for every k € N, *dp(*p,,vx) =~ 0. Hence, there exists some
ko € *N\ N such that *dp(*pg, vk) = 0 for all k < k.

Proof. The second claim follows from the first claim and saturation. We now prove
the first claim by induction. Clearly, we have *dp(*11, ) =~ 0. The inductive case

follows from Lemma C.9 and Lemma C.14. ]

If the frequency of state-action pairs (my)ren uniformly converges in total variation
distance to some m € A(S x X) for all h in some set H C H, then the hyperfinite
frequence of state-action pairs (M )ge+n almost converges to some M € *A(Ts x Tx)
for all & in some internal H C “Hrgxry. As one would expect, M and H are closely

related to m and H, respectively.

Lemma C.18. Let H € H be such that (my(h))ken converges in total variation distance
to some m € A(S x X) for allh € H. Let M € *A(Ts x Tx) be M({(s,2)}) =
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*m(Bs(s) x Bx(x)). Let H be the internal subset of *Hygyr, consisting of h =
(80, %0, - - ., 8k, T, ... ) € H such that

(Hh = (80, To, .-y Sky, Lk, - - ) S *H)(V/{? S *N)(Sk S B,S’(gk) Nz € Bx(li‘k)) (C()())

Then (Mk(ﬁ))ke*N *converges to M for all h € H. Moreover, if (Mg )ken uniformly
converges to m on H in total variation distance, then

| My (h) = M||rv ~ 0 (C.70)
for allh € H and all k € *N\ N.

Proof. Pick some h = (S0, @0y -+ -y Sy Tpgy ... ) € H. By the construction of H, there
exists some h = (sg, o, - - ., Sk, Tk, - - - ) € *H such that s, € Bg(5y) and z € Bx (%)
for all £ € *N. By the transfer principle,

(*mu,(h)(Bs(s) x BX(x)))ke*N *converges to *m(Bg(s) x Bx(z)) (C.71)

for all (s,z) € Ts x T'x. For all (s,z) € Ts x Tx, note that (5, Zx) = (s, x) if and only
if (s, 7x) € Bs(s)x Bx(z). Hence, we conclude that (Mj(h)({(s, x)}))ke*N *converges
to M({(s,x)}) for all (s,z) € TsxTx. Now, suppose that (my)xen uniformly converges
to m on H in total variation distance, by saturation, we have ||*my(h) — *m|/y ~ 0
for all h € *H and all £ € *N'\ N. By the construction of H, Tg and T, we have the
desired result. U

Using essentially the same proof as in Lemma 2 of EP, we have:

Lemma C.19. Let F be a hyperfinite policy function. Suppose that HMk<il) — M|y =~
0 for some k € *N and all h in some internal H C *Hygry such that *PgsxTX(ﬁ[) > 0.
Then, for any internal set A D T2(m), vp(A) ~ 1 on some internal set H' C H with
*PgsxTX(I:—’/) > 0.

We now study the connection between identification and S-identification. The

following lemma follows from essentially the same proof of Theorem A.17.

Lemma C.20. Let m € A(S x X) and let M € *A(Ts x Tx) be the same as in
Lemma C.18. Then, for every 6 € TE(M), st(f) € Og(m).

The hyperfinite SMDP is S-identified if the SMDP is identified.

Lemma C.21. Suppose Assumption 10 holds and the SMDP ({S, X, qo, Q,7,0), Qo) is
identified given m € A(S x X). Let M € *A(Ts x Tx) be the same as in Lemma C.18.
Then the hyperfinite SMDP ((T's, Tx, ho, Q,11,6), 21,) is S-identified given M.
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Proof. By Lemma C.20, for every 0 € Tg(m), we have st(d) € ©g(m). Thus, for
0,0 Tg(m), by Assumption 10, we have

*QG('lsa CL’) ~ *Qst(é)("Sv l’) = *Qst(e’)('|87‘r) ~ *QQ’('|Sa I) (CTZ)
for all (s,z) € *S x *X. This immediately implies that Qy(-|s,z) ~ Qg (-|s, ) for all
(s,z) € Ts x T, completing the proof. O

We now prove the main result, Theorem 4.

Proof of Theorem 4. Let M € *A(Ts x Tx) be the same as in Lemma C.18. Let

HcC “Hrg w7, be the same internal set as in Lemma C.18. By Lemma C.18, we have:
| My (h) — M||ry =~ 0 (C.73)

for all h € H and all k € *N \ N. Let F' be a hyperfinite policy function such
that *]P’gsxTX(I:I) > 0. Pick H' C H as in Lemma C.19. For the rest of the proof,
we fix h = (80,Z0,...,5k, Tk,...) € H'. By the construction of H, there exists
h = (S0, Zo,---,Sk;sTh,...) € *H such that s, € Bg(8;) and x, € Bx(Z) for all
k € *N. For every k € *N, let *u,; denote the updated *belief and v} denote the
updated hyperfinite belief at time k, according to h and h, respectively. Henceforth,
we omit the hyperfinite history from the notation.

Recall that we use dp to denote the Prokhorov metric on A(©). By Lemma C.17,
there exists some kg € *N \ N such that *dp(*p,vx) ~ 0 for all £ < ko. Let
(s,z) € Ts x T'x be such that M({(s,x)}) > 0. By the construction of M, (st(s),st(z))
is in the support of m. Thus, there exists k3 € *N \ N such that

(1) k1 < ko;
(2) 8k, ~ sk, = s and Ty, ~ T, = .

As f is an optimal policy function, by the transfer principle, we have

xy, € arg rnax/ {*m(spy, 2,8) + 0*W(s',*B(sp,, T, 5',*pkl))}*Q*“kl (ds'|sp,, ).
“S

perX
(C.74)
As *dp(*piy,» Vk,) = 0, by Lemma C.16, we have:
{TI(s,2,5") + OW(s',B(s, x, 5", vk, )) }Qu, (ds']s, 7) (C.75)
Ts
~max [ {II(s, &, ) + 0W(s', B(s, &, 5, 14,)) }Qy,, (ds']s, 2). (C.76)

€Ty TS
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As the SMDP is identified given m, by Lemma C.21, the hyperfinite SMDP is S-
identified. This implies that there is Qy; such that, for all v € *A(Tg) with support
being a subset of TS(M), Q, = Qu;. By Lemma C.19, the support of vy, is a subset of
T S(M ). Note that the support of the posterior of vy, generated from the hyperfinite

Bayesian operator is a subset of the support of vy,. Hence, we have:

{TI(s,z,s") + 0V(s") }Qu(ds'|s, ) (C.77)
Ts
~max | {I(s,z,8) +0V(s)}Qu(ds'|s, T). (C.78)
2eTx JTg

By Lemma C.18, (My)resn *converges to M for all hyperfinite histories in H. By
the transfer principle (or use essentially the same proof as in Theorem 2 of EP, M is
*stationary. Thus, M is a Berk-Nash S-equilibrium for the hyperfinite SMDP with
the hyperfinite belief v, (or any v € *A(Tg) such that the support of v is a subset of
Tg(]\/f )). Hence, by Theorem 4.11, m is a Berk-Nash equilibrium for the SMDP with
the belief being any p € A(©) such that the support of p is a subset of ©g(m). O

C.4. Detailed Analysis of Examples. Here we present the analysis of the examples
3.1, 3.3, 3.4 and 3.5.

Example 3.1 In this example, we study an AR(1) process and show that a Berk-Nash
equilibrium exists if and only if the AR(1) process has no unit root. Recall that the
SMDP in this problem is defined as:

e The state space S = R, the action space X = {0}, and the payoff function
m:59 x X xS — Ris the constant function 0;

e For every s € S, the true transition probability function Q(s) is the distribution
of aps + bo€, where ag € [0,2],by € [0,1] and & = N (0,1) has the standard
normal distribution;

e he parameter space O is [0, 2] x [0, 1] and for every (a,b) € ©, the transition
probability function Q) (s) is the distribution of as + b¢.

We first consider the degenerate case by = 0. The true transition (4,,0) is absolutely
continuous with respect to (4 if and only if @ = ag and b = by = 0. When ag < 1,
the Markov process has a unique stationary distribution, namely the Dirac measure
do at zero. So the Berk-Nash equilibrium is 60y with the belief 04, 0). When ag = 1,
the Dirac measure J; is a stationary distribution for every s € S, and J,) is a Berk-
Nash equilibrium supported by the belief §(; ). When aq > 1, there is no stationary

distribution hence no Berk-Nash equilibrium.
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For the non-degenerate case by > 0, following Example 3.1, we focus on the case

0 < ag < 1. We now provide rigorous verification for Assumption 2 and Assumption 3:

e We apply the Lyapunov condition to verify Assumption 2 by taking the
Lyapunov function V(s) = |s|. Clearly, this V' is a non-negative, continuous
and norm-like function as defined in Assumption 2. Moreover, we have S,, =
{s € §:V(s) <n} for all n € N. By the properties of the folded normal

distribution, we have:

/ |s'|Q(s)(ds") = bo\/ze_a;b% +ags(1 — 20(—222)) (C.79)
S m bo

where ¢ is the cumulative distribution function of the standard normal distri-
bution. Thus, for all s > 0, we have [¢[s'|Q(s)(ds") < aqls| + \/g Hence, by

choosing @« =1 —ag and = \/g, Eq. (2.12) is satisfied. Hence, Assumption 2
is satisfied;

e For (a,b) € [0,2] x (0,1] and s € S, the relative entropy from Q4 )(s) to Q(s)
is:

b, i+ (ags—as)* 1 L
— - —. .80
p )t e 5 (C.80)

Note that the true transition probability function Q(s) has a unique stationary
b3

measure ;= N (0, —2). It is then straightforward to show that Assumption 3
[ T g p
0

Dk (Q(s), Quap(s)) = In(

is satisfied.

Example 3.3 This example assumes that the agent knows the per-period payoff
function and the transition function but has a misspecified revenue function. We
follow EP in framing the price shock be a part of the state variable. The Bellman can
be written as,

V(z,€) = max/ (zf(2)d —c+ 6V (Z,€)Q(dZ | 2) QF (de' | )
Zx[0,1]

T

' at the time

The variable € is the unknown price shock to the revenue, r = f(x)e
the agent has to choose x. Its distribution is given by Qf (de’ | z) ~ dy. The
agent knows Q, but does not know Q. In particular, the agent has a parametric
family of transitions, where Q¥ (de’ | z) is the distribution of €. The parameter

space © is compact, that is, © = [0,2K Fy[e] + 1] and the action space, X =

2/3 2/3
((Ed* [4)/4) , ((Ed*[g])/\/f> + 1], where K = (1 — e %) /(1 — k(k +

[0, max




63

1)e~*). Given this, suppose the true production function is given by f*(x)x'/? and

2/3

hence, concave. Then the minimizer, 0* = 2(KEz[¢])*/° and the corresponding optimal

action for the misspecified agent is 2* = 20* /2K ,* whereas, for the agent with the
2/3
. . . 2Eqg- €] . .
correctly specified model is, " = 0 . We first solve for the optimal action

as a function of model primitives. Suppose the agent has a degenerate belief on some

0. Here, as in the original example, the agent’s optimization problem reduces to a

0
static optimization problem max, zxEyle] — x*. Noting that Eyle] = E,SG it follows

20
that the optimal input choice in state z is ** = —. Next, the stationarity condition
implies that the marginal of m over Z is equal to the stationary distribution over z,

which is ¢, a uniform distribution, U]0, 1]. Therefore, the stationary distribution over

X, denoted by mx, has a uniform support over [0, %] Finally, we optimize 6 for the
weighted KLD,

/ Eoun [log QF (f' | )] mx(2)dz = /[0 Pt logdy () mx(2)

= / EqQ( e (—% (€)—1Inf —In(1 — expk)) mx(.)dx
[0,1]

Then minimizing the above expression with respect to 6 gives us the minimizing 6*

and the corresponding z*.

Example 3.4 For this optimal savings problem, we solve for optimality, belief

restriction and stationarity. The Bellman equation for the agent is

V(y,z) = max zln(y — ) + SE[V (v, 7)) | «],

0<a<y

and let us guess that the form of the value function is V (y, z) = a(z) + b(z) In(y).
This provides us a guess for the optimal strategy which is to invest a fraction of wealth
that depends on the utility shock and the unknown parameter 3, i.e., x = A,(B) - v,

__OBEDR()] where b(z) satisfies b(z) = z 2")] for z
where A,(5) = (21 03B here b(z) satisfies b(z) +0BE[b(2)] fO 55; 0, 1].

Solving for b t b(z) =
olving for b(z), we get b(2) Z+1—5ﬁ (1= 03)2 + 0.5
where E[z] = 0.5.37 The stationarity condition is met because of 0 < 8* < 1, which

E|z] which gives A, () =

1— —k
35For k> 0, let K = %  Whichis always finite and asymptotes to 1 as k — oco.
1—k(k+1)e*
36 _ 1—ek
1—k(k+1)e*

3TThis corrects the typo in EP for the policy function.
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prevents the process from drifting away. The belief restriction and the rest of the

problem for g™ is solved analogously as in EP.

Example 3.5 This example assumes that the agent knows the per-period payoff
function and the transition function but has a misspecified cost function. We follow
EP in framing cost be a part of the state variable. we simply let the cost ¢ be part of
the state as follows:

V(z,c) = maX/Z ) (zf(x) = +0V (¢,)Q (d7 | 2) Q° (dc | )

T

The variable ¢’ is the unknown cost of production at the time the agent has to choose
x. Its distribution is given by Q¢ (d¢’ | ), which is the distribution of ¢ = ¢(x) as
described above. The agent knows @, but does not know Q. In particular, the

agent has a parametric family of transitions, where Qf (dc’ | x) is the distribution of
2/3 2/3
((Ed* [E])/4> ; ((Ed* [6])/\/E>

K+1
1|,e > 0. The parameter space © is compact, © = [0, \/ ;— Eq+[€] + 1], where

1— —k
K = T h(k j_ Tt Given this, suppose the true cost function ¢(z) is quadratic
i.e. ¢(x) = 2. Then the Berk-Nash equilibrium is characterized by the minimizer
2K

K
0* given by * = EEd* [€] and the action z* = E—()z, whereas for the agent
d*\€

with the correctly specified model is x%?* = ﬂEL() Indeed, note that the true
d*\€

transition probability function Q(s) has a unique stationary measure p. Therefore,

the Berk-Nash equilibrium for this SMDP is p x d,+, supported by the belief dg-.

We now solve for the equilibrium. First, we solve for the optimal z* as a function of

_|_

¢ = ¢g(x). The action space, X = [a,max

the parameter. Suppose the agent has a degenerate belief on some 6. Here, as in the

original example, the agent’s optimization problem reduces to a static optimization

problem max, zInz — xFyle]. Noting that Eyle] = %, it follows that the optimal
input choice in state z is ©* = Kz/6. Next, the stationarity condition implies that
the marginal of m over Z is equal to the stationary distribution over z, which is ¢, a
uniform distribution, U[0, 1]. Therefore, the stationary distribution over X, denoted
by my, is a uniform distribution, U0, %] Finally, following the steps as in Example

3.3, we get our corresponding x* and 6*.
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