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Introduction



Covariance estimation and applications in finance

Portfolio optimization:
+ Positive definiteness is crucial
+ Mitigate the "error maximization” property: bias-variance tradeoff

Portfolio risk prediction:
- Positive definiteness not necessary
 Minimize estimation noise - get closer to the "ground truth”
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Covariance estimation and applications in finance

What is considered in this experiment:

« A number of model-based estimators (POET, S-POET, JSE, Ledoit-Wolf)
- Varying dimensionality of the data sample (p and n)

- Different portfolios, not optimized using the covariance estimate
(exogenous)

« Focus on portfolio variance prediction errors
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+ Random vector of observable variables X = [ X, Xo, ..., X]T

+ Unobservable common factor F € R, with variance o2

* Unobservable factor loadings 8 = [51, ..., 3|7

* Unobservable specific factors ¢ = [e1, e, ..., £,]T, with diagonal covariance ¥

Model:
X =pF +e¢.

Covariance under the model:
> =o288T + 0,

with largest eigenvalue )\ and corresponding eigenvector h.
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Sample estimation and preliminaries

+ Data sample X € R"*P

- Sample covariance 3 with largest eigenvalue \ and corresponding
eigenvector h

- Portfolio w with variance wTSw estimated by wTSw

+ Depending on w, what estimators work best for 3, under different p and n?
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Estimators



Model-based covariance estimation - POET approach

Principal orthogonal complement thresholding (POET)" under a 1-factor model:
SpopT = ARRT + 0,

- s . . - bi, =7,
where U =X — AhhT and ¥ = (Vij)pxp, Yij = ¥ . , ]
S1i; (¢27)7 ? 7& J-

Properties:

« The trace of 3 is preserved,

« Here a diagonal ¥ estimator is considered (r;; = oo, Vi, 7).

'Fan, ., Liao, Y., & Mincheva, M. (2013). Large covariance estimation by thresholding principal
orthogonal complements. Journal of the Royal Statistical Society: Series B (Statistical
Methodology), 75(4), 603-680.
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Shrinking the eigenvalues

- Sample eigenvalues are biased?.

+ S-POET - shrink the eigenvalue estimate:

¢ 1 Tr(3) — A
fe=h_ P T A
n(p—1-p/n)
+ S-POET estimator:

ESPOET = ;\5iLiLT + U

2Wang, W., & Fan, J. (2017). Asymptotics of empirical eigenstructure for high dimensional spiked
covariance. Annals of Statistics, 45(3), 1342-1374.
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Shrinking the eigenvector

« Eigenvector mean and dispersion:
p p
ph=1/p> hiy dj=1/p> (hi/un —1)°
i=1 =1

« Sample eigenvectors have higher dispersion and lower mean3.

3Goldberg, L. R., Papanicolaou, A., & Shkolnik, A. (2022). The Dispersion Bias. SIAM Journal on
Financial Mathematics, 13(2), 521-550.
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JSE estimator

« JSE correction” - reduce the dispersion bias:

il + cosp(h — p;1)
hjse =

gL+ casilh— 1)

With: cjop = 1 — 2 2 _ tr(3)-A

2 1 33 2 2
2(h)’ Ve = p(n—1) S (h) = p 2ui=1 <)\h7 — /\'u’iz)
+ POET-JSE estimator:

S POET-JSE = ;\iLJSEfL}SE + U
« SPOET-JSE estimator:

S poBT-J88 = Ashysphlgy + ¥

“Goldberg, L. R., & Kercheval, A. (2022). James-Stein for the Leading Eigenvector.
ESTIMATORS
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Ledoit-Wolf shrinkage estimator

Shrinkage target>:
Sr = 638rB} + Ur
with F} = L1377 X, and the parameters év, Br and ¥ estimated by OLS.

Ledoit-Wolf estimate:
Yiw =37+ (1 —7)%

with a data-driven shrinkage intensity ~.

SLedoit, 0., & Wolf, M. (2022). The Power of (Non-)Linear Shrinking: A Review and Guide to
Covariance Matrix Estimation. Journal of Financial Econometrics, 20(1), 187-218.
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Experimental setup



Experimental setup

Data generating process: X = SF + «.

Factor exposures 3; | NV (1,0.25)
Factor returns F' | N(0,0.16%)
Idiosyncratic returns ¢; | T(5), mean 0 and variance 0.602
Number of variables p | [100, 200, ..., 1000]

Sample size n | [100, 200, ..., 1000]
Number of simulations N, | 100

For each simulation:

+ Generate the model (factor exposures),
« Simulate the data matrix X with maximum p and n,

« Slice the data to obtain the sample for all p and n.
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Performance measures

Frobenius norm:
FNg = [[(X = 3)[lF
Portfolio risk prediction errors:
« Variance forecast ratio: .
wT 2w

wTXw

VFR’IU.i =

» Relative error:
RE, ¢ =|VFR, s —1
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Results



Frobenius of the error

Sample estimator, Frobenius norm of the error (w.r.t. the population covariance):
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Frobenius norm of the error

Reduction in error vs. sample estimator: EN—FNsampte

F'N, sample
POET SPOET
1000 1000
900 0.45 900
800 800
700 0.5 700
600 600
a a
500 0.55 500
400 400
300 0.6 300
200 200
100 F -047 -047 045 -045 -044 044 043 -042 -042 -0.41 -0.65 100 048 -047 046 045 -045 -044 044 -043
100 200 300 400 500 6(;0 7(;0 8(;0 9(;0 10‘00 100 200 300 400 500 600 700 800 900 10‘00
n n

RESULTS
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Frobenius norm of the error

POET-JSE SPOET-JSE

1000 1000

900 0.45 900 -0.45
800 800

700 05 700 -0.5
600 600

o o

500 055 500 055
400 400

300 06 300 0.6
200 200

100 -0 48 -O A7 0 46 —O 45 D 44 0 44 —0 43 0 42- -0.65 100 -049 -048 -047 -046 -045 -045 -0.44- -0.65

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1060
n n

+ The model-based estimators seem to drastically reduce estimation error (as
measured by the Frobenius norm of the error).
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Equal weighted portfolio




Equal weighted portfolio

Equal-weighted portfolio:

wpw = [1/]7, 1/]?-/ 1/p]T
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Equal weighted portfolio - variance forecast ratio

Average VF R — 1, across all simulations:

Sample estimator
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900 900
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800 800
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600 o1 600
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400 005 400

300 o 300

200 200
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100 100

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n

Ledoit-Wolf
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Equal weighted portfolio - variance forecast ratio

SPOET
1000 1000 025
900 900
0.2
800 800
700 700 015
600 600
a a 0.1
500 500
400 400 005
300 300 o
200 200
0.05
100 100
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n

« Correcting the eigenvalue introduces negative bias into risk predictions?
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Equal weighted portfolio - variance forecast ratio

POET-JSE SPOET-JSE
1000 | 0 0.25 1000 025
900 [ 0: 900
0.2 0.2
800 800
700 L o 015 700 015
N 600 F 0 01 N 600 01
500 | 0: 500
200 005 400 0.05
300 | o 300 o
200 | o: 200
100 F 0.05 100 0.05
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n

- Correcting the eigenvector introduces positive bias into risk predictions?
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Portfolio risk decomposition

Portfolio variance under the model:

02 = wl'Sw = o?(w? B)? + wl w = %8 (wT h)? + w! Tw

w —

Equal weighted portfolio is a special case: (w'h)? = 2
+ The only important quantities in the systematic component are the
eigenvalue and eigenvector mean (but not its direction)!

EQUAL WEIGHTED PORTFOLIO 19 /37



Eigenvalue correction

T T T
50 . Sample estimate (POET) 4
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Eigenvector under the JSE correction

« Sample estimate (POET)
«  JSE estimate
x=y (population means)

-~ sample estimate (POET)
- JSEestmate 0.0295 -
0.1 x=y (population means) . . — /
A 0.029 |-
0.0285 [
0.028 |-
o <
0.0275
<
0.027 |- . O T R
ol .. .
o, .
. AR ?
0.0265 |- et
0.026 -
o1 0028 00281 00282 00283 00284 00285  0.0286

I

Is there a "better” shrinkage intensity estimate?

« Cross-validation or bootstrapping do not seem to provide an answer.
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Systematic and idiosyncratic variance errors - POET-JSE

Systematic and idiosyncratic variance VFR:
wT (AbDT)w wTWw
wT (AT )w’  wTlw

VFRgy =

05 Systematic vs. idiosyncratic VFR (EW portfolio)
. T T . T T T

Systematic variance (mean)

— — Systematic variance (90% conf.)
= |diosyncratic variance (mean)

— — Idiosyncratic variance (90% conf.)

—
o 4
(S —_ — T~
> ~Jd_
_—_—_
= \~—_—_“\ 1 ]
-0.1 L L ‘7—7\ L I I I
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Equal weighted portfolio - relative error

Average RE (in %), across all simulations:

Sample estimator Ledoit-Wolf

1000 25 1000
900 900
800 800

20
700 700
600 600
o 15 a

500 500
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100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n
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Equal weighted portfolio - relative error
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Equal weighted portfolio - relative error

POET-JSE SPOET-JSE
1000 | 21
900 | 224
800 | 224
700 [
600
500 | 22:
400 | 22
300 [ 2s:
200 [ 24

100 -

100 200 300 400 500 600 700 80O 900 1000 100 200 300 400 500 600 700 800 900 1000
n n

« The RE of the sample estimator depends mostly on the sample size n,
rather than p

« There seems to be no gain from model-based estimators in measuring the
variance of the EW portfolio.
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Capitalization weighted portfolio




Marketcap portfolio

Capitalization-weighted portfolio:

w 5 1 .
Wpo = - w,=—, 1=1,...,p
E w )
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Marketcap portfolio - variance forecast ratio

Average VFR — 1, across all simulations:

SPOET

015
014
012
01
o008
00
004
o002
o
002
004

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n

Sample estimator

Ledoit-Wolf POET-JSE SPOET-JSE

1000 1000 016 016

014 014
200 %00

012 012
800 800

01 01
700 700

008 008

M o 006 008

500 500 ™ 004
400 400 002 002
300 300 o o
200 200 002 002
100 100 004 004

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n
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Marketcap portfolio - relative error

Average RE (in %), across all simulations:

Sample estimator POET SPOET
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014 80 014
700
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Minimum variance portfolio




Minimum variance portfolio

Minimum variance portfolio (using the population covariance):

»11

WOMY = ey
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Minimum variance portfolio - variance forecast ratio

Average VFR — 1, across all simulations:

Sample estimator
1000
900
800
700
600

500

100 200 300 400 500 600 700

MINIMUM VARIANCE PORTFOLIO

i

800 900 1000

Ledoit-Wolf

1000

100 - 017 016 016 016 015 015 015 015 015 014

100 200 300 400 500 600 700 800 900 1000
n

0.16

014

0.12

0.08

0.06

0.04

0.02
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Minimum variance portfolio - variance forecast ratio

POET SPOET
1000 0.16
900 0.14
800 0.12
700 0.1
600 0.08
a
500 0.06
400 0.04
300 0.02
200 o
100 . -0.02
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n
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Minimum variance portfolio - variance forecast ratio

POET-JSE SPOET-JSE
1000 | 264 105 060 041 030 023 019 016 014 0124 016 1000 23 0% o055 040 02 oz o1 01 014 | 0a2] 016
900 - 242 098 056 039 028 022 018 016 013 012+ 0.14 900 [ 217 092 054 038 028 022 018 015 013 012 0.14
800 - 218 090 052 036 026 021 017 015 013 0114 012 800 F 197 08 051 035 026 020 017 014 012 011 012
700 | 196 082 048 033 025 019 016 014 012 011 0.1 700 [ 176 077 047 032 024 019 016 014 012 010 0.1
600 | 173 073 044 031 023 018 015 043 011 010+ 0.08 600 | 156 069 042 030 022 018 015 013 041 010 0.08
a

500 | 151 065 040 028 021 017 014 042 011 009+ 0.06 = 500 | 135 062 038 027 020 016 014 012 010 009 0.06
400 129 057 035 025 019 015 013 011 010 009 0.04 400 | 116 054 034 024 018 015 012 011 010 009 00n
300 | 106 049 031 023 017 014 011 010 009 002 300 [ 095 046 030 022 017 014 011 010 009 002
200 | 082 039 026 019 015 012 010 009 o 200 | 072 036 024 018 014 012 010 009 o
100 | 055 029 020 016 012 010 009 o0 100 - 047 026 019 015 012 010 009 oo

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000 A

n n
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Minimum variance portfolio - variance forecast ratio

« In the simulated scenario, the minimum variance portfolio has ~ 5%

systematic and ~ 95% idiosyncratic risk (for p = 1000).
« The variance forecast ratios for these components are:

SPOET: Systematic vs. idiosyncratic VFR (GMV portfolio)
T T T T T T T T

2
Systematic variance (mean)
N\ — — Systematic variance (90% conf.)
15F N\ Idiosyncratic variance (mean)
N\ | I — — Idiosyncratic variance (90% conf.)
1 Te—
- =~ —_—— -~
x 05
s
>
o=
05 e
b= = = -

MINIMUM VARIANCE PORTFOLIO

VFR-1

SPOET-JSE: Systematic vs. idiosyncratic VFR (GMV portfolio)

Systematic variance (mean)

— — Systematic variance (90% conf) |

Idiosyncratic variance (mean)

— — Idiosyncratic variance (90% conf.) |
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Minimum variance portfolio - relative error

Average RE (in %), across all simulations:

Sample estimator Ledoit-Wolf

1000 1000
16 16
900 900
14 14
800 800
700 12 700 12
600 10 600 10
a a
500 8 500 8
400 400
6 6
300 300
4
200 200 ¢
100 2 100 [ 17.66 1599 1600 1581 1533 1497 1464 1468 1459 144 2
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n
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Minimum variance portfolio - relative error

POET SPOET

1000
16

900
14

800
12 700 12

10 600 10
500
400
300

200

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n
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Minimum variance portfolio - relative error

POET-JSE SPOET-JSE

1000 | 26373 10485 59.90 4105 2076 2340 1898 1620 1386 1000 | 23740 9932 57.79 39.97 2914 2300 1871 1600 1371 121
16 16
900 | 24159 9754 5636 3871 2814 2222 1815 1554 1336 900 | 21749 9239 5437 37.68 27.54 2183 17.88 1534 13.20
14 14
800 [ 21825 8957 5239 3594 2633 2076 1697 1460 800 | 19655 8484 5053 3498 2577 2040 1671 1441
700 | 19573 8183 4833 3335 2462 1945 1597 13.77 12 700 | 17621 7747 4658 3244 2408 1909 1571 1358 12
600 | 17328 7311 4378 30.54 2264 1804 1478 1284 10 600 | 15594 6917 4217 2967 2212 1769 1452 10
a a
500 [ 15069 6522 39.79 27.86 2074 1673 13.77 s 500 [ 13547 6163 3828 27.04 2024 1638 1351 s
400 | 12012 5720 3534 2521 1895 1529 400 [ 11588 5394 3392 2441 1844 1493
6 6
300 | 10646 4855 3095 2254 1719 1397 300 | 9525 4562 2960 2174 1666 1359
4 4
200 [ 8153 3904 2551 1888 1464 1208 200 [ 7248 36.40 2420 18.06 14.07
100 |- 5456 2 100 | 47.45 2622 2
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n n
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Concluding remarks

« Eigenvalue shrinkage helps with the bias, but not with the estimation noise.

« Eigenvector shrinkage eliminates optimization bias, but introduces
eigenvector bias.

Sample estimation errors mostly depend on data sample sizes - sample
covariance remains a difficult benchmark to beat!

« In HDLSS the estimation error can be greatly reduced for some portfolios.

CONCLUDING REMARKS 37137



	Introduction
	Estimators
	Experimental setup
	Results
	Equal weighted portfolio
	Capitalization weighted portfolio
	Minimum variance portfolio
	Concluding remarks

